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b+ 2wk 2rk
. Let 5 = r{cos o + ising) then 11;:\/’F(cos(®+ T )-i—rsm(qb-'_i u )),k:(), 1.

2 2
b+ 2k o+ 2nk
Let z = r{cos¢ + isin ) then w = N3 (COS (M—w) +1sin (L)) E=0,1,2,....n— 1.
n 7

1 I
- If we have z ~ r(cos @ + 7 sin @) then ~ must have the property that z- = = 1 = cos0 + isin 0
= z

Le. lz| it’ = ] and ara( é) = arg(z) + arg (é) =0s0 % = ;lt(cos(-cﬁ} + isin{—®)) =

L . 1. .
—-(cos ¢ — 1sin ¢} (since cosine is even, sine add). Hence = is a real scalar multiple of z.
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We will use the facts:

)z +w—=1%+wand

i) (z7) = 2"

These are easv to check. Assume Ay is a complex oot of FiA) = a, "+ -+ a1A +an where the
coclficients a, are real. Since Ag is a root of f, we have a, A+, 1A Vo2 g Fag =0,



Taking the conjugate of both sides we get a,,)\u +an Ay Yo+ ag = 0 so by fact i), and
factoring the real constants we get a,,A + . Ay At -4y }\(. +ay = (.

Now, by fact i), an(Xg)" + ay_; (R} 4+ -+ + al)\u +ay =0, e X is also a root of f, as claimed.



11+ /33

22 falM) = (A-DA-10+12 =4 - 11A+ 2230 Ao = 5



30.

31.

CFa =A== DA A+ Dso N =1, kg =

—14+ /3
T

CfaM) = A= 3A +TA =5 s0 A; =1, Aoy = 1 + 24 (See Exercise 11.)

. f,;(/\) = )14 — 1= (Az - 1)(A2 + 1) = {/\ - 1)(A + 1)(/\ - l){)\ + i'.) 50 ALQ = +1 and A;;__a; =1

s = (A 2 A2 = (A -2 (A =22 =0, s0 ha =1 i A =20 =0,

. By Fact 7.5.5 tr{A) = A + Az + A3, det(A) = Mdpdz but A; = Ay # A3 by assumption, so tr{d)=1=

2)\'2 + Az and det(A) =3= a\%);
Solving for Az, Az we get —1,3 hence Ay = Ay = —1 and Ay = 3. (Note that the eigenvalues must be
real; why?)

. By Fact 7.5.5

22z =350

2+z2+2=8

iz=a+biweget {a+bi)+ (a~bi)=6s0a=3

(a + bi)(a — W) =25, ie. A+ b =250r 9+ b2 =28s0b=t4
Hence As3 = 3 £ 44.

tr(A) =080 X+ A+ A =0

Also, we can compute det{A) = bed > 0 since b, ¢, d > 0. Therefore, Ay AzA; > 0.
Hence two of the eigenvalues must be negative, and the largest one (in absolute value) must be positive.

i}

a. The 7th entry of A% is Z @:Ty, $0 that the sum of all the entries of AT is

k=1
n ki) n Fal n T n
ZZZZZ(Z ) =S et
=1 k=1 k=1 i=1 k=1 =1 k=1
T
1

b. As we do some computer éxperiments, A* appears to approach a matrix with identical colunmns,
with column sum 1. Let 7,7, ..., ¥, be an eigenbasis with Ay = land |M[ < 1for j=2,... n. For
a fired i, write & = ¢|T + cota + - -+ + ey, s0 that (ith column of AN = A'E, = ;¥ + [ AT +
s e AL
(The term in square brackets goes to zero as t goes to infinity.)
Therefore, :!igl (ith column of A*) = rli)nﬁlc(A’c'e",-) = 1.

Furthermore, the entries of A'Z; add up to 1, for all £, by part a. Therefore, the same is true for the
limit (since the limit of a sum is the sum of the limits).
It follows that flim{A‘) exists and has identical columns, with colurmm sum 1, as claimed.
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A
. 1 " . . 1 , —
No matter how we choose A, FA is a regular transition matrix, so that i!hm (F A) is a matrix with
) [ o h)
identical columns by Exercise 30. Therefore, the columns of 4° “become more and more alike” as ¢
. L . ijth entry of Af o

approaches infinity, in the sense that lim =———————— =1 for all ¢, j, k.

PP Y t—c ikth entry of A S



alt) 0.6a(f) + 0.1m{t) + 0.5s{1) 06 0.1 05

CE(Ey = | mt) | = 1 0.2e(t) - 0.Tm{) +01s{t) | so A= 0.2 0.7 01

s{1) 0.2a(t) + 0. .Zm(t) +0.4s(t) 0.2 02 04

Note that A is a regular transition matrix,

. By Exercise 30, flim (A") = [F57), where # is the unique eigenvector of A with eigenvalue 1 and

0.4
column sum 1. We find that ¢ = | 0.35
0.25

Now 1m1 Ft) = lun(A‘:c(,) (rlim Al ) &y = [V UiZy = 7, since the components of #; add up to 1.
f— 2
The mdrket Shiﬁ't‘b dpprodch 40%, 35%, and 25%, respectively, regardless of the initial shares.



