20, A =4+% 3,7 =05,¢=arctan (Z) ~ (.64, 50 Ay =~ 5{cos(0.64) + isin(0.64)), (¥ 7] = [0 1} : [(g] _

1.0
o] 0= (20583



Spirals cutwards (rotation-dilation).

//”_;’[2‘)\;
xl)

i, §




B P 1 U B e ) B a0y
B2 Ao = 0.99 & (0.01)i with eigenvector [1] +i [0] for Ay, soul = [O} W= [1] . ¢ = arctan (m) e
100

0.01, 7 = 0.99. Hence ¥(0) = [ 0

} = 100 + OF and

ooy 1 00 [cos(D01#)  —sin(0.01) ] | 100 - cos(DO1) | . o
T(t) = 0.99 [0 1] | sin(0.018)  cos(0.011) 0 =0.99° - 100 Sin(0.01t) e E(t) spirals in.
A
1=60
“““Y’SE-N\
M 100 g

Hence, both glucose and excess insulin oscillate with damped oscillations until all of the excess sugar
has been eliminated.



38 o T(E) = AT+ b= il i — AG=bor (I, - A)F =6

I, — A is invertible since 1 is not an eigenvalue of A. Therefore, i = (I, — 437! & is the only solution.

b. Let y(t) = £(t) — ¥ be the deviation of #(£) from the equilibrinm .
Then gt +1) = F(t+ 1) — = AF(t) + b— 7= A(F) + T + b — T = AGH) + AT + b — & = AF(),
so that §(t) = A4H(0), or F(1) = &+ A (& — ).
rlig]( T(t) = ¥ for all 7y if ah!l} A'(#y — ) = . This is the case if the modulus of all the eigenvalues
of A is less than 1.



40.

Note that A can be partitioned as 4 =

y. By part a, 4 ! =

. By part a we can write 4 = /p? + ¢ + % + 52 (

B -ct

c BTl where B and ' are rotation-dilation matrices.

Also note that BC' = CB,BTB = (p* + ¢*)L,, and C7C' = (r? + s?) L.

7 pto o B -7 ; ’ ; 9
a. ATA = { ¢ B ] [C BT} =P+ ¢ +rt 480

1

¢. {det A = (p? + ¢* +#% + 55)', by part a, so 'thdt det A = £(p* +¢° + 1% + 5%)%

The diagonal pattern makes the contribution +p!, so that det 4 = (7 + g% + > + 5%)%

d. Consider det{Af; — A). Note that the matrix Afy — A has the same *“format” as A, with p repld( ed by

i

A=pandgq, r,shy —q, —v. —s, respectively. By part ¢, det{AMy — A) = (A - p)* + @ + 12 + ) =
() when

{/\_p)E — _{12 —T‘2—5‘2

A—p=+i

Alp =pEivgt+ri+ st

Each of these eigenvalues has algebraic multiplicity 2 (if g = » = ¢ =~ 0 then A < p has algebraic
multiplicity 4).

1

VIE+ gt +ri+ s

A) , where S is orthogonal.

g

Therefore, [|A7] = vp? + ¢> + r2 + s3H(SE) = /p* + g7 +r? -+ s7|).
3 -3 -4 -3 1 -39
3003 5 -4 |2 13
. Let A= 1 -5 3 3 and ¥ = 4 ; then AF = 18
) 4 -3 3 4 13

By part e, |AZ|? = (32 + 32 4+ 2 + 59| &, or
397 5 137 4 187 4137 = (32 4 37 + 42 4 5 (12 + 2% + 47 + 4%), as desired.

. Any positive integer m can be written as m = pp» . . . p,. Using part { repeatedly we see that the

numbers pr, pip2, e, . pipePs - e 1. and Bnally mo=p, - - p. can be expressed as the sums
of four squares.



