=~

A= [2 3}, indefinite (since det{A) < 0)

3 4
0 0 2
A=1i0 3 0], indefinite (eigenvalues 2, -2, 3)
2 00
If S"TAS = D is diagonal, then §~14%8 = D?, so that all eigenvalues of A% are 20. So A? is positive

semi-definite; it is positive definite if and only if A is invertible.



18. A= [_9 _2], eigenvalues A, = 10, Ay = 5

2 6
thonormal eigenbasis ¥ L {2] 7. ! [—1]
orthonormal eigenpasis i - —= LUy = —=
g 1 VAR 2 5 2

1063 + 5 = 1 {ellipse)




20. A= {—“3 g], eigenvalues A1 = 6 and A; = —4

. i 1 i -3
orthonormal eigenbasis ¥ = — P e —
. VST H : x/ll)[ 1]

6} ~ dek = 1 (hyperbola)

\‘ 7,
¥y
- I
==
v !
: :
i
Ve |
\ E,
£

]

21. a. In each case, it is informative to think about the intersections with the three coordinate planes:
Ty — T9, T1 — &3, and e — Xy,

For the surface #7 + 43 + 9r2 = 1, all thesc intersections are ellipses, and the surface itself is an
ellipsoid.



This surface is connected and bounded: the points closest to the origin are + , and those

ol D D

1
farthest + | O

24+ 4s3 — 972 = 1 (not to scale)

an ellipsoid

In the case of Jf + 4.’8% - 9:17% =1, the intersection with the z, — 2 plane is an ellipse, and the two

other intersections arc hyperbolas. The surface is connected and not bounded; the points closest to
0

the origin are £

fom ST B

od 4 dr} - 975 = 1 (not to seale)
a hyperboloud of one sheet



In the case —xf — 4x% + 927 = 1, the intersection with the ) — 24 plane is empty, and the two other
tersections are hyperbolas. The surface consists of two pieces and is unbounded. The points closest
0

to the origin are &

ol

—#f — 478 + 923 = 1 (not to scale)
a hyperboloid of two sheets

1 41
A= % 2 % is positive definite, with three positive eigenvalues Ay, Az, Az.
1 303

Surface is given by MAc] + Azcd + Az} = 1 with respect to principal axes, an ellipsoid. To find points
closest to and farthest from origin, use technology to find eigenvalues and eigenvectors:
cigenvalues: A == 0.56, Ay =~ 4.44, A5 = 1

(.86 131 1 1
unit eigenvectors: ¥ = 019, tam {054}, = — | -2
—0.47 0.78 Vo 1

Equation: 0.56¢7 + 4.44¢% + ¢ = 1

. 1
Farthest points when e = £+ —— and o =3 =10
P V.56 i
1
Closest points when co = £ —— and ¢; = ¢3 =0
P Vadd .
(.86 1.15
Farthest points =~ +  __— 019} =+ 0.26
V056 | g 47 ~0.63



0.31 0.15
Closest points m+—— [ 0.54 | = % [ 0.26

VI | rg 0.37
-1 0 5 :
22. A= 01 0; cigenvalues \y =4, ho= -6, A3 =1
5 0 -1

Equation with respect to principal axes: 4¢} — 6c3 + & = 1, a hyperboloid of one sheet (see solutions
to 21a).

Closest to origin when ¢) = %1, ¢p = ¢3 = 0.

1 1
1 1
A unit eigenvector for eigenvalue 4 is = —= { 0 |, so that the desired points are :h1 0| =
2| 2v2 iy
0.35
+10

0.35





