2

4,

o

dr .
The solutions of —% + 32 = 0 are of the form m(t) = Ce™, where C is an arbitrary constant, and the
Lt

dx 7
differential equation T + 32 = 7 has the particular solution x,(t) = 3 %0 that the general solution is

7
{ty = Ce ™ + 3 (where C is a constant). Alternatively, we could use Fact 8.3.13.

Use Fact 9.3.13, where a = —2 and g(t) = ¢*:
2 2 5 afl 1., .
fit) = 6"'“t/ et =¥ [e"' dt =e™ (;e"’ + C-‘) = —e¥ + Ce ¥, where (" is a constant.
) 5 5
We can look for a sinusoidal solution w,(t) = Pcos(3t) + @sin(3f), as in Example 7. P and @
need to be chosen in such a way that —3Psin(3t) + 3@ cos(3t) — 2P cos(3t} — 2Q sin(3t) = cos(3¢t) or

— U = 2 3 d
m;g i gg _ {1) with solution P = _ﬁ and @ = IFR Since the general solution of -ﬁ —2r=01is

. Z . 2 3
z(t) = Ce*, the general solution of i 21 = cos(3t) is 2{t) = Ce?t ~ 5 cos(3t) + 3 sin(3t}, where
[

(? is an arbitrary constant.

Using Fact 9.3.13, f{t)=¢ / ettdt = el(—te" — et + )= Ce' —t — 1, where C is an arbitrary

constant.

Using Fact 9.3.13, f(t) = e / et = 7 / dt = ™t + (), where C is an arbitrary constant.

By Definition 9.3.6, pr{A) = X2+ A — 12 = (A + 4)(A - 3).
Since pr(A) has distincr rontq A = —4 and A; = 3, the solutions of the differential equation are of the
form f{t) = cie"™ + e2¢™, where ¢; and ¢, are arbitrary constants (by Fact 9.3.8),
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17.

pr(A) = AT+ 2A+ 1= (A+1)® = 0 has the double root A = ~1. Following the strategy on page 436,
we find f(#) = e (et + ¢}, where €1, ¢y are arbitrary constants.

pr(X) = ,\2 +3A =A(A+3} =0 has roots A =0, A = —3.
F(t) = 1" + coe ™ = £) + oY, where ¢, ¢z are arbitrary constants.

. By integrating twice we find f(¢) = e| + eof, where 1, ¢z are arbitrary constants.

By Fact 9.3.10, the differential equation has a particular solution of the form fi{#) = P cos(#) + ¢ sin{#).
Plugging f, into the equation we find
(P reos(t) — @sin{t)) + 4(— Psin(t) + Q cos{t)) + 13(P cos{t) + @sin(t)) = cos(t} or
12P+4Q =1
4P 4+12Q =0/
3
P=—
40
1
Q= o

Therefore, fi{t) = % cos(t) + E sin{t).

Next we find a basis of the solution space of f7(#) +4'(1) + 13f(t) = 0. pr(A) = A2+ 42+ 13 =0 has
roots —2 £ 3i. By Fact 9.3.9, f1(t) = ¢ # cos(3t) and fo{t) = ¢ % sin(3¢) is a basis of the solution space.

By Fact 9.3.4, the solutions of the original differential equation are of the form f{t) = e, f (t) + e fo(£) +
[(8) = cre ¥ cos(3t) + coe ¥ sin(3t) + 3

30

P cos(t) + ;11(—] sin(t), where ¢, ¢; are arbitrary constants.

By Fact 9.3.10, the differential equation has a particular solution of the form f,{t) = P cos(t) -+ @ sin(t).
Plugging f, into the equation we find ( Peos(t) — Qsin(t)) + 20—Psin(#) + Q cos(t)) + Peos(t) +
2Q=0| P=-3
2P=1"" @ =0

Therefore, f,(t) = —3 L cos(t).

Next we find a basis of the solution space of f'{(t) + 2f'(t) + f(t) = 0. In Exercise 13 we see that
f{t)y =e7Y, fa(t) = te~* is such a basis.

By Fact 9.3.4, the solutions of the original differential equation are of the form f(£) = c; fi{t) + cafa(t) +
fit)y = e + epbe™ — %cos(f), where ¢, ¢z are arbitrary constants.

@ sin{t) = sin(#) or
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26.
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General solution z{t) = Ce™ + g (Exercise 2)
7 7

7 7 ‘
Plug in: 0 = z(0) = C + %, so that O = -3 and z(t) = —ge““ + 3

5. General solution f(t) = Ce™

3

Plug in: 1 = f{1) = Cle ?, so that (' = ¢ and f(t) = e?e ¥ = .

General solution f() = e16* + e (Exercise 9), with f'(£) = 3e1e™ — 3epe™¥

Plugin: 0= f(0) = e; + e and L = f'{0) = 3¢; — 3¢p, so that ¢; = %,cz = —(15, and f{t) = %e:“" - é

. General solution f{t) = ¢, cos(3t) + czsin(3t) {Fact 9.3.9)

Plugin: 0= f(0)=c;and 1 = f (—é) = —¢q, 50 that ¢; = 0,6 = —1, and f(t} = — sin(3t).

. General solution f{t) = cie” ¥ + c;e™, with f'{t) = —deje® + 3cpe’t

Phigin: 0= f(0) =1 + ¢o and D = f(0) = —4e + 3¢, s0 that ¢; = ¢ = 0 and f(t) = 0.

6_‘“‘

General solution f(t)} = 1 cos(2t) + cpsin{2t) + Lsin(t), so that f'(f) = —2c;sin(2t) + 2cpcos(2t) +
3

3 cos{t) {use the approach outlined in Exercises 16 and 17}

Plug in: 0= f{0) =¢; and 0= f'(0} = 22 + }, so that ¢; =0, ¢ = —§, and f(t) = —sin{2t) +

1 sin(t).

a. k is a positive constant that depends on the rate of cooling of the eoffee (it varies with the material

of the cup. for example).
A is the room temperature.

b. TV(t) + kT'(t) = kA
Constant particular solution: Tp,(t) = A4



General solution of T'(#} + AT () = 0 is T(t) = (e *
General solution of the original differential equation: T'(f) = Ce ™ + A
Plug in: 7y = T'(0) = C + A, so that " =Ty — A and I'(t) = (1) — A)e™ + A,



. 1
43. a. Using the approach of Exercises 16 and 17 we find z(t) = cie” ¥ + coe ¥ + m cost + % sint.

b. For large f,2(t) ~ — cost + —= sint
- For large t,(t) ~ 75 cost + o sint.



