True or False

1. T, by the spectral theorem (Fact 8.1.1)

2. T. Note that {1 0] [g 2] {(1)] = g > 0, by Definition 8.2.3.
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3. F. The orthogonal matrix 4 = [1 o

} fails to be diagonalizable {over R).
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4. TItA= [i

of disog=vA=5.

].. then the eigenvalue of AYA = {3 4] {3} = [25] is A = 25, so that the singular value

5. F. The last term, 5xs, does not have the form required in Definition 8.2.1
6. F. The singular values of A are the square roots of the eigenvalues of A”A, by Definition 8.3.1.
7. 'F, by Fact 8.2.4.

8. T, by Definition 8.2.1
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. F. Consider the shear matrix A = {

Ao.0 Mo

.T.ED=|. . . |,then DD=D?=| . . . |. The eigenvalues of D" D are A,... A\

Tt
0 . A 0 . X
and the singular values of D are \/AF = {A1], ..., A2 = |A,)-

F, since det [g

8 1 .
2 ] = —— < ( (see Fact 8.2.7).
2

3 4

N . |0 -1
F. Consider A = [1 0].

T, since AAT is symmetric (use the spectral theorem)
T, by Fact 8.2.4: all the eigenvalues are positive.
T, since the matrix is symmetric.
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0 1] . The unit circle isn’t mapped into itself, so that the singular

values fail to be 1, 1.

F. In general, (ATA)T = ATA #£ AAT

T, by Fact 8.3.2

T. All four eigenvalues are negative, so that their produck, the determinant, is positive.
T, by Fact 8.1.2

F, since the determinant is 0, so that 0 is an eigenvalue.

F. As a counterexample, consider A = B = 2I,,.

T, since &' A&; = a; < 0.

T. By Fact 7.3.8, matrices A and B have the same eigenvalues. Now use Fact 8.2.4.

T. The spectral theorem guarantees that there is an orthogonal R such that RTAR is diagonal. Now
let § = RT.

- 1| . 1
F. Let A=5, v = [0],'&:: [1]

T. Consider the singular value decomposition A = U3 VT, or AV = U ¥, where V is orthogonal (see
Fact 8.3.5). We can let § = V, since the columns of AS = AV = U ¥ are orthogonal, by construction.

T. By the spectral theorem, A is diagonalizable: S7AS = D for some invertible § and a diagonal D.
Now D" = §71A"S = §7108 = 0, so that D = 0 (since D is diagonal). Finally, A = SD§™' = 508! =
0, as claimed.
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F. If k£ is negative, then kq(F) will be negative definite.

T. The eigenvalues A;. ..., A, of A are nonzero, since A is invertible, so that the eigenvalues /\f, R /\'f,
of A? are positive. Now use Fact 8.2.4,

T, by Fact 8.3.2, since # = A&} and o = A& are the principal semi-axes of the image of the unit circle.

F. For example, (x3}(rers) fails to be a quadrasic form.

E

0
0 1. which Is indefinite.
1

L-H

I'. We can write q(&) = &7 {

Il
sl

ea]
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*. Consider A = 0
0

S = T

T, by Definition 8.2.3: Z7(A + B)Z = ¥T A + 7 BX > 0 for all nonzero .

5. T, since & - AT is positive, so that cosa is positive, where a is the angle enclosed by & and A&,

T. Preliminary remark: If o is the largest singular value of an m x n matrix M, then | M7 < o7
for all ¥ in R (see Exercise 8.3.26). Now let oy, o3 be the singular values of matrix AB, with oy = a9,
and let ¥ be a unit vector in B2 such that |AB% ] = o1 {see Fact 8.3.3). Now 02 < g = JA{BT )| <
3| BTl < 3-5|#| = 15, proving our claim; note that we have used the preliminary remark twice.

_ |01
F. Consider A = [{) U}'

T. If A is the smallest eigenvalue of A, let A =1~ A. Then the smallest eigenvalue of A+ &1, is
A+ & =1, so that all the eigenvalues of A + ki, are positive. Now use Fact 8.2.4.

F. Let A4 = [g é] and B = |:(I) g] Then 1 is a singular value of BA but not of AB

T, since A+ A1 = A4+ AT is symmetric.

a b ¢ T
T. The quadratic form g{m),z) = [;m 0 .Lg] b d e 0 | = axd+ 2ce2 + F2l is positive
e f Ly

e
definite. The matrix of this quacdratic formis 4 = (;; ;.] ,and det(A) = af — ¢ > Osince A is positive

definite. Thus af > %, as claiined.

. F. Consider the positive definite matrix 4 = [_1 _1] .

1 2

F. Consider the indefinite matrix A = [S 7[1)]
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T. By Fact 8.3.2., the continuous function f(r) = ‘ has the global maximum 5 and the giobal

cos
A { i ]
sinzx
minimum 3 (note that the image of the unit cirele consists of all vectors of the form A [q'nm ] ) By
Sl ;

cosC

the intermediate value theorem, f(r) =4 for some ¢. Let 4 = [sinc

J {(draw a sketch!?).

T, since FT4°F = ~FTATAZ = ~{ADTAT = —~||AZ)? < 0 for all 7.
. T.If Aq,. .., A, are the eigenvalues of ATA, then A dy ... A, = det (AT A) = {det A)%, [

o1 = VAL, ..., 00 = VA, are the singular values of 4, then
G109 ... 00 = VA1Aa . Ay = | det A], as claimed.

. F. Note that the columns of § must be unit eigenvectors of A. There are two distinct real eigenvalues,

A1, Az, and for each of them there are two unit eigenvectors, £ {for A1) and x#; (for »y}). (Draw a
sketch!) Thus there are 8 matrices S, namely § = [x8; =0;| and § = |x& =£7]

. T. See the remark following Definition 8.2.1.

. F. Some eigenvalues of A may be negative.

. F. Consider the similar matrices 4 = [U 0] and B = [0 4]. Matrix A has the singular values 0

0 3 0 3

and 3, while those of B are 0 and 5.

T. Let #),% be an orthonormal cigenbasis, with AT = # and At = 27, Consider a nonzero
vector ¥ = ey + ol then AT = 18 + 2031 If ¢; = 0, then ¥ = oy and AZ = 2,1 are parallel,
and we are all set. Now consider the case when ¢; # 0. Then the angle between # and AL is
arctan(2cs/c() ~ arctan(ca/e1); to see this, subtract the angle between # and Z from the angle
between ¥, and AT {draw a sketch}). Let m = ep/e; and use caleulus to see that the function
. . 1, .
f{m) = arctan(2m) — arctan(m) assumes its global inaximum at m = \ﬁ T'he maxiinal angle between
# and A7 is arctan(v/'2) — arctan{1/v/2) < 0.34 < /6.
a b

d]' By Fact 8.3.2, || A [é] H = [i] = va? + ¢ < b {since the length of the semi-

major axis of the image of the unit circle is less than 5). Thus a < 5 and ¢ < 5. Likewise, b < 5 and
d < 5.

. T. We need to show that each entry a;; = aj; off the diagonal is smaller than some entry on the

diagonal. Now (€, — é:j)TA(é'i — &) = o + a5 — 2a;; > 0, so that u; +a,; > 20,5, Thus the larger of
the diagonal entries a;; and a;; must exceed ;.



