Math S-21b — Summer 2004 — Solutionsto Practice Exam #2

1) TRUE/FALSE (circle one)
a) Orthogonal projection onto a subspace is an orthogonal transformation.

FAL SE — Orthogonal transformations must preserve length. Projections do not.

b) If A isany square matrix, then det (—A) = — det(A).
FAL SE — The determinant is linear in any one column or row, but it’s not alinear function of the matrix. It
istrue, however, that det (-A) = (-1)" det(A) for an n x n matrix A.
c) If A isan invertible matrix that is similar to its own inverse A™, then det(A) must be either +1 or —1.
TRUE — The determinant of similar matrices is the same, and det(A™) = (det A)™*, so det(A) = (det A)™.
Hence [det(A)]? = 1. It follows, therefore, that det(A) must equal either +1 or —1.
d) Let A be an orthogonal matrix. Then det(A) = 1.
FAL SE — Either det(A) = +1 or det(A) = —1 for an orthogonal matrix.

e) If Sand A are orthogonal n x n matrices, then the matrix S*ASis orthogonal as well.

TRUE —If Sand A are orthogonal matrices, then they preserve norm. S* will also preserve norm.
Therefore the composition given by the matrix S*AS will preserve norm and will thus be orthogonal .

f) It is always the case that det(ATA) > 0.

T T
TRUE —Infact,if A=|v; --- v, [, thenthek-volume of the parallelepiped determined by {v4,...,vi}
J J

will be given by /det(ATA) .

g) If A isan eigenvalue of A with eigenvector v, p isadistinct eigenvalue with eigenvector w, thenv + w is
also an eigenvector of A.

FAL SE —What istrueisthat Av =Av and Aw = uw, so A(v + w) = Av + uw, and thiswill be ascalar
multipleof v+ w only if L = p.

h) If A isan n x n matrix, then A and AT have the same eigenvalues.

TRUE — The characteristic polynomial of A isdet(Ll —A) and since (Al —A)" = (Al —A"), it follows that
det(Ll —AT) = det(rl —A)" = det(Ll —A). So A and AT have the same characteristic polynomials. Since
their eigenvalues are just the roots of their characteristic polynomials (counting algebraic multiplicity),
they will therefore also have the same eigenvalues.



2) Let P, isthelinear space consisting of all polynomials of degree< 2, and let T : B, — P, be defined by
T(f)=f"-2f"+3f .

a) Find the matrix of thislinear transformation relative to the basis {1, t, t%} .
Solution: Let f(t)=a+bt+ct>. Then f'(t)=b+2ct and f’(t) = 2c. Therefore:

[T(F)](t) = £"(t)—2f'(t) +3f (t) = (2¢) — 2(b+ 2ct) + 3(a+ bt + ct?) = (3a— 2b+ 2¢) + (3b—4c)t + 3ct?.
This saysthat, relative to the basis{ 1, t, t%},

a 3a-2b+2c 3 -2 2|la
b|—»| 3b-4c [=|0 3 -4| b].
c 3c 0 0 3¢

3 2 2
Therefore, the matrix of this linear transformation relative to the basis{ 1, t, t%} is {O 3 —4} :
0O 0 3

b) Find the determinant of this linear transformation.
Solution: From part (a) and the fact that the determinant does not depend on the basis,
we easily see that det(T) = 27.

¢) Isthislinear transformation invertible, i.e. an isomorphism? Briefly explain.
Solution: Since det(T) # O, this linear transformation is invertible.

d) Using the above information, find a quadratic polynomial f (t) suchthat f"—2f'+3f =3t>.
Solution: We want to find afunction f such that T(f) = 3t*. Using the basis above and the matrix of T

0 0 3]|[c| |3
reduction or matrix inversionto get a=2,b =3, c=1. So the function that solves this inhomogeneous

3 2 2|a| |0
relative to this basis, this transates into solving {O 3 —4}{@ = {O} . This can be solved using row

equationis f(t)=2+4t+t>.

2X+y=2
3) Consider the following inconsistent system of linear equations. { x—y=1
X+2y=-2

a) Find the least-squares solution for thislinear system. [Note: Thisis not a data-fitting problem.]

2 1 2
Solution: Thisinconsistent system is of the form Ax = b, where A _{1 —1} , x:[ﬂ ,and b _{ 1 } :
1 2 -2

The least-squares solution is the solution of the normal equation A"Ax = A™b or [g g}[ﬂ = [_33} :

Solving this gives the point (x, y) = (1,-1).

b) Each equation in the given system represents alinein R% Describe in words and/or pictures the
relationship between these three lines and the point you found in part a).
Solution: If you draw these three lines, you' |l find that the least-squares solution is at the center of the
triangle formed by these three lines.



4) We are given three vectorsin R* v, =

OwWwN -

1 1
% , Vo = cl),andv3:
0

a) Find the area of the parallelogram determined by the vectors {vi, v2}.
1 1]
Solution: Let A bethe matrix A = % (1) .Wecaculate ATA = [g g} so the areawill be given by

-1 0
JOet(ATA) =4 =2,

b) Construct an orthonormal basis for the two-dimensional subspace of R* spanned by {v1, v2}.

Call the vectors of this orthonormal basis w; and wo.
Solution: Thisis asimple Gram-Schmidt orthogonalization problem. We have:

1 1
V] =2, sowetakew; = % % . Wethen calculate v, — (V,*w, )W, :% —11 —w,,
_1 1

since it’salready a unit vector.

¢) Find the orthogonal projection of v3 in the subspace spanned by the vectors v, and va.

2
Solution: We calculate Projy(vz) = (VaeW, )W, + (VeW, )W, = %
-1
T
d) If weletB=|W; W, | where{w;, w5} isthe orthonormal basis found in part b,
VN

what are the values of det(BB") and det(B'B)?
[You don't need to know what w; and w,, are to cal cul ate these two numbers.]
Solution: First, BB is the matrix for orthogonal projection onto the subspace spanned by { w1, w.}. It

follows that det(BB') = 0.

Next, B'B =[: \‘jv"; :}[v} Vq :[é (1’} s0 det(B'B) = 1.




