4.1

1. Not a subspace since it does not contain the neutral element. that is, the function f(¢) = 0, for all .

2. This subset V is a subspace of Ps:

¢ The neutral element f(¢) = 0 (for all ¢} is in V.

o If f and g are in V (s0 that f(2) = g(2) =0), then (f + ¢}(2) = f{2) + g(2) =0+ 0 =0, so that
f+gisin V.

o If fisin V (so that f(2) = 0), and k is any constant, then (f)}{2) = kf(2) =0, so that kf isin V.
Apolynomisl f(#) =a+ bt + c2isin Vif f(2) = a+ 2b+4c =0, ora = —2b — 4c. The general element

of V is of the form f(t) = (—2b — 4c) + bt + ct® = b(t ~ 2) + ¢(f? ~ 4), so that
t—2,t —4is a basisof V.

. This subset V is a subspace of Py:

¢ The neutral element f(t) = 0 (for all £) is in V since f/(1) = f(2) = 0.

o If f and g are in V (so that f'(1) = f(2) and ¢'{1) = ¢{2)), then
(F+9)'(1) = +g)1) = f{1) +g{1) = £(2) + g{2) = (f + g}{2), 50 that f + gisin V.

o If fisin V {so that f'(1} = f(2)) and k is any constant, then {kf)' (1) = (kf)(1) = kf/(1} = kf(2) =
(kf}(2), so that kf is in V.

If f(t) = a+ bf +¢f? then f'(t) = b+ 2ct, and fisin V if
F1Y=b+2c=a+2b+4c= f(2}, or a+ b+ 2¢ = 0. The general element of V is of the form
ft)=(-b-2c)+bt+ct? =b(t — 1) +e{t* — 2), so that t — 1,#* — 2 is a basis of V.

. This subset V is a subspace of Py:

1
¢ The neutral element f{t) =0 {for all {) is in V since f Odi =0.
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10.

The general element of V' is f(1) = (“% - g) +bt+ct?=b (t - %) +c (t2 - -;-), s0 that

1 1
t=3 tgug is a basis of V.

I p(t) = a+ bt + ct? then p{—t) = a — bt + ¢t® and —p(—t) = —a + bt — ct®.

Comparing coefficients we see that p(f) = —p{—1t) for all ¢ if {(and only if)a =c=0.
The general element of the subset is of the form p(t) = bt.
These polynomials form a subspace of F5, with basis t.

. Not a subspace, since Iy and —{; are invertible, but their sum is not.

. The set V of diagonal 3 x 3 matrices is a subspace of R3*%:

00 0
a. The zero matrix [0 0 0} isin V,
0 0 0

0 ¢
g 0] arein V, then so is their sum
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c. fA=|0 b 0fisinV,thensoiskAd=| 0 kb 0 [, for all constants k.
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. This is a subspace; the justification is analogous to Exercise 7.

. Not a subspace; consider multiplication with a negative scalar. Iy belongs to the set, but —J; doesn’t.

1
Let = | 2 |. Let V be the set of all 3 x 3 matrices A such that A% = J. Then V is a subspace of R¥%;
3

a. The zero matrix 0 is in V, since 07 = g.
b. If A and B are in V, then so is A+ B, since (A4 B)i = AT+ Bii =0+ 0=0.

c¢. If Aisin V, then so is kA for all scalars k, since (kA)¥ = k(A#) = k0 = 0.



18.

20.

Any fin P, can be written as a linear combination of 1,¢,t%, ..., %, by definition of 2,. Also, 1,¢,...,¢"
are linearly independent; to see this covsider a relation ¢y + ¢t + - - - + £,#" = 0; since the polynomial
g+t + - + o,t" has more than n zeros, we must have ¢g = ¢ = -+ = &, = 0, as claimed. Thus,
dim{P,) =n + L.

i) =elo] o [o] o 2] < o[7]

The vectors [(1]] \ [é] , [[1]] \ [?] form a basis of C? as a real linear space, so that dim(C?) = 4.

Use the strategy outlined on Page 155. We have ¢ = —d, so that the general element of the subspace
I R O O Y s
Bl ¢ d|T%0 0] "1 0 0 1|

01 g 0 - 0. e . e
Thus [0 0],[1 0],[ 0 1} is a basis of the subspace; the dimensions is 3.
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28. [c d] :smthesub.spdcexf{c d] [U I]g[c c-{-d] equals [0 1} [c d}_[ . d ]

which is thecase if c =0 and a = d.

_ a b 11 0 0 1] 10 01
Thematrlcesmthebubspdcea.reofthefurm[U a]_a{(] 1]+b[0 0]-,b0thﬁt [0 1]3[0 D]

is a basis, and the dimension is 2.



