. Yes, since the product of orthogonal matrices is orthogonal, by Fact 5.3.4a.

5. Yes! By Facts 5.3.9b and 5.3.7, (A7) ' = (4 )" = (AN)T.
The equation (A7) ! = (AT} shows that AT is orthogonal, again by Fact 5.3.7.

. Yes! If 4 is orthogonal, then so is AL, by Exercise 6. Since the columns of A are orthonormal, so are
the rows of A7,

1 0O
. a. Nol As a counterexainple, consider A = | 0 1| (see Exercise 4).
0 0

h. Yes! More generally, if A and B are n % n matrices such that BA = I, then AB = [, by Fact 2.1.9¢.

. Write 4 = [1?1 Fz] The unit vector ¥, can be expressed as ¢ = {Ziﬁg?g], for some ¢. Then ¥ will
be one of the two unit vectors orthogonal to @ : &% = | sin(@) or Uy = sin(9)
’ R 1tz cos(d) : —cos(¢y |
o L . cos(¢) —sin(é)
Therefore, an orthogonal 2 x 2 matrix is either of the form A= | """ , A=
sin(o) cos{@)

cos(py  sin(o)
sin(¢)  — cos(e)

] , representing a rotation or a reflection.

- sin ¢
cos @

umit
circle

[sind:]
— oS &)




14.

11

12

13.

14

16.

. . . . b
Since the first two columns are ortbogonal to the third, we have ¢ = d = 0. Then [3 f] 16 an ortho-
cos(¢) —sin{e) O
gonal 2 x 2 matrix; By ixercise 9, the 3 x 3 matrix A is either of the form A = 0 0 1
sin(e) cos(¢) O
cos(0) sin(¢) 0
or A= { 0 1
gin{¢} —cos(g) O
Let us first think about the inverse L = T-! of T.
2
3
Write L{x) = A¥ = [Fl iy 1?3] £. It is required that L(eh) =& = %
1
3l
Furthermore, the vectors ©,, %, 0; must form an orthonormal basis of B*. By inspection, we find
3
T3
7
3
1
-1 1 -2 -1 2
Then i% = @ x # = % does the job. In swumnary, we have L{Z) = = 1 2 2| F
2 Sl 2 21
3
Since the matrix of L is orthogonal, the matrix of T = L~! is the transpose of the matrix of L:
-2 i 2
N 1 N Sl
T(z) = 3 -1 2 =2|x
2 2 1
There are many other answers {since there are many choices for the vector ) above).
2 1 !
;'i 2 VIR
Let the third colutin be the cross product of the first two: A= 3 — = ﬁ
1 i
3 0 -7z
There is another solution, with the signs in the last column reversed.
2 -3 3 2
No, since the vectors [ 3 1 and 2 | are orthogonal, whereas [ 0 | and | —3 | are not (see Fact, 5.3.2).
; 0] 2 0
By Fact 5.3.9a, (477 = AT(AT)T = AT A,

The matrix AAT is symmetric as well: {A47)7 = (AT)TAT = 44T,

. No! If two synunetric matrices A and B do not commute, then {AB)Y = B AT = BA # AB, so that

AB is not symmetric.

. A T ol
Example: A—-[U [)} and!‘-if{1 {J]

Yes. since (A%) = (Ad)) « ATAT = A4 =A%

. Yes! By Fact 534b, (4 )T =(ATy 1 =4 L



20.

22.

23.

0.5 -0.1

An orthonormal basis of W is o} = 82 , e = _g; {see Exercise 5.2.9).
0.5 01

By Fact 5.3.10, the matrix of the projection onto W is AA7, where 4 = [-u')'i LI).,;]
26 18 32 24
AT = 1w T 24 32
00 |32 -24 74 18
24 32 18 26

. e . 1
. A unit vector on the lineis € = —

N

. ' T . . 1
The matrix of the orthogonal projection is 7’ , the n x n matrix whose entries are all — {compare
n

with Exercise 19).

a. Suppose we are projecting onto a subspace W of B". Since AF is in W already, the orthogonal
projection of AZ onto W is just AZ itself: A(AF) = AF, or A*F = AZ.
Since this equation holds for all ¥, we have 42 = A,

h. A= MAMT, for sone matrix M with orthonermal columns #,...,7,. Note that M7 M = I, since
the ijth entry of MTA is 4 - t;. Then A = MMTMMT = J\I(ﬁ'IT}W)f\-'IT = ML, MT = MMT =
A

“xamine how A acts on @, and on a vector # orthogonal to i
A = (T ~ Il = 204740 — i = 1, since @@ =4 - i = |Jif|* = L
AT= (20! — )7 =205 - 7= -7, since @70 =% - 7= 0.

Since A leaves the vectors in L = span(if} unchanged and reverses the vectors in V' = L', it represents
the reflection in L.

Note that B = — A, so that 3 reverses the vectors in L and leaves the vectors in ¥V unchanged: that
i5, B represents the reflaction in V.

. Note that A7 is an n x m matrix. By Facts 3.3.5 and 5.3.9¢ we have

dim(ker(A7)) = m — rank(4") = m — rank{A).
By Fact 3.3.8, dim(im{A) = rank(A4), so that dim{im(A)) + dim(ker{A7}} = m.





