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.V:ker(A),whereA:[l bl 1}

1 2 5 4
Then V* = (kerA)}* = im{AT). by Exercise 4.
The two colunns of AT form a basis of V=:

1 1

1 2

1171%

1 4
Yes! For any matrix A. N -
im(4) = (ker{ A7)+ = (ker{ AAT))= = {ker(AAT))} =im{447).

T T T

Facts 5.4.1 Fact b.4.3a Facts 5.4.1 and 5.4.2b.

Facts 5.4.2b

itn{A) and ker(A4) are orthogonal complements by Fact 5.4.1:
(imA)* = ker(A”) = ker(4)



im (AT) = ((ker (A))*

S (parallel to ker (4}

ker (A} !
%= [3 ]

Zy i the shortest of all the vectors in 5.

10. a. If ¥ is an arbitrary solution of the system AT = b, let &, = proj. &, where V = ker{A), and &p =
F — proj - Note that b= AF = A{F), + &) = A&, + ATy = AFy, since £ is in ker(4).

b. If # and & are two solutions of the system AZ = b, both from (kerA)', then ) — & is in the
subspace (kerA)! as well. Also, A(Z) — %)) = Af) — AT =6-b= 0, so that & — &, is in ker{A).
By Fact 5.4.2¢, it follows that &y — o) = O, or &\ = Fy, as claimed.

c. Write ] = &, + & as In part a; note that @ is orthogonal to #,. The claim now follows from the
Pythagorean Theorem {Fact 5.1.8).



16. If A is an m x » matrix, then
dim(imA)* =m — dim{imA) = m — rank(4)
7 !
Fact 5.4.2a Fact 3.3.8



and dim{ker(A7)) =m — rank( A7)
T
Fact 3.3.5
It follows that rank({A) = rank(47), as claimed.

17. Yes! By Fact 5.4.3, ker(4) = ker{AT 4). Taking dimensions of both sides and using Fact 3.3.5. we find
that n — rank(A) = n — rank(A7 A}; the claim follows.



22.

23.

24,

26.

9 ~
. Using Fact 5.4.7, we find &* = I:E} and b — AF* = 1

. In this case, the normal equation AY A% = ATh is [

-1

1
Note that & — AT is perpendicular to the two colunins of A.

—-12
. Using Fact 5.4.7. we find #* = [“;} and b - AZ* = | 36|, s0 that |b — AF"| = 42.
—1i8

0. This svstem is in fact consistent and ¥* is the

If

Using Fact 5.4.7, we find £* = [73} and b — Az

exact, solution; the error b — AZ" | is 0.
Using Fact 5.4.7, we find £ = 0: here b is perpendicular to im{A4}.

Using Fact 5.4.7, we find & = [2].

5 1| fxml |5 o . N
5 4 ] { ] = [15], which simplifies to 2, +

Jra = 1, 0rxy) = 1 — 3ry. The solutions are of the forin & == ] . where ¢ is an arbitrary constant.

] . 66 78 W0 €y 1
Here, the normal equation ATA#=ATh is |78 93 108 9| = | 2, with solutions ¥~ =
90 108 126 | | @y 3
t= 3
1 —92¢ |, where t is an arbitrary constant.
¢



@
32. Wewant | e; | of f(t) = ¢y + e1t + cof? such that

5]
27 =5+ Ocp + O 1 0 0 ‘ 27
O=a+le+le (111 (;” _ 1o
0= ey 4+ 20 + deg 1 2 4 pl 10
0= ¢y + 3c; + 90 1 3 gf L™ 0

If we call the coefficient matrix A, we notice that ker(A4) = {0} so

al’ 20' 25.65
oy | = (ATAY *AT 0 | = | ~28:35] so fr(t) = 25.65 - 28.35¢ + 6.75¢%.
s 0 6.75



a
36. We want § b | such that

( 27
o
a + bsin ( _7?) + ccos (—77 =12
365
n 2
bsin | —124 reos| ——124 | = 14
a+ ‘;111(365 )+(’CO~,(365 )
+ bsin | o2 168 (22 168) = 13
atbsin | o ¢cos | 7ex168 ) =15
- 2T L f 2T
1 sm(:;ZTSZS) (‘05(3;—;528) 10 -,
1 sin (277 cos [ 2X 7T - 9 ,. s
Using A = (f""’ ) (2_’" and b = 12 we compute b | = (ATA)TATL »
1 sin(5£124)  cos (32124) 14 . '
1 sin (22168) cos (22 168) 15
12.25

2 2
0.394 | and f*(f) ~ 12.25 + 0.394 sin (—"t) ~ 2.726 cos (—”z)
g 365 365



