i
2. By Fact 6.3.3 Area = - \det [

[

1
3. Area of triangle = 3 det [_E ﬂ ‘ = 13 (See figure.)




det [b; —ay ¢ - a]} '

b2~a2 Co o e

1
4. Note that area of triangle = 5

a b o i, bh—a; e —a
by —ay ¢ —
On the other hand, det [ a2 be | =det [ay s —ae e —ao | = det [h N
1 1 1 ] 0 0 2T i
subtract first column from expand down the
second and third first coluinn
1 451 bl <
Therefore, area of triangle = 5 det |uy by o
i1 1

5. The volume of the tetrahedron T defined by 6,65, is %(base){heigh‘c) = % {formula for the vohune
of a pyramid).

basc:%

The tetrahedron T defined by o), ¥, ¥5 can be obtained by applying the linear transformation with
matrix [??1 T f;] fo FU
Now we have vol(T) = [det[r] &, t3}|vol{T},) = %{ det|d) ¥ D3]} = !‘—jV(ﬁl, Ty, T3 )-
]
Fact 6.3.8 and page 277 Fact 6.3.5



7. Area::§ 13

1]t10 -2 1
det +2 2 11

det [8 10] ' = }10 {See Figure.)
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13. By Fact 6.3.7, the desired 2-volume is | det [;

14. By Fact 6.3.7, the desired 3-volume is

T

= |det
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13. a.

TN

[p 0} {cos(!)] _ [p-{‘()s(t

) e with cormioaxes 4+ P and o |0
0 g sin(t) = g-sin(1) , the ellipse with semi-axes + and + al
)

0
{area of the ellipse) = | det{A)|(area of the unit circle) = pyw

b. By Fact 6.3.8, |det(4)] = —orexoftheellipse  abm o iei(A)i — ab,
area of the unit circle T

Lo . . . . S I . 1 1 I
¢. The unit circle consists of all vectors of the form & = cos(zﬁ)—\/—§ [1} + sm(t.}\‘—@ [71 ] its image is

the ellipse consisting of all vectors T(F) = cos(t) 272 H} + sin(t) V2 [A” .

semni-major axis semi-minor axis

19, det[7, 1 &) =0 {H x &) = |61t x ¥} cosa where o is the angle between & and & % 7 s0

o . - s . . . . . . . ™
det[#;, & i > 0if and only if cosa > 0, i.e., if and only if o is acute ((] <o < 5)



20.

21.

22,

23.

Y2

By Exercise 19, 7, 72, ¥ constitute a positively oriented basis if and only if det[f] f2 4y] > 0. Assume
that &, T, U3 is such a basis. We want to show that A%, Av, A3 is positively oriented if and only if

det(A4) > 0. We have det{A#, Aih Afy) = det(A[th T T4]) = det(A) det{# ¥ 6] so since det (¥ Ja ] >0
by assumption, det [A7 A% Afs] > 0 if and only if det(A) > 0. Hence A is orientation preserving if
and only if det{A) > 0.

a.

h.

Reverses
Consider ¥ and #3 in the plane (not parallel), and let ) = ¥ x ¥s; then &, 7, 3 Is a positively
oriented hasis, but T(#)) = —i, T(#h) = T, T(¥h) = i is negatively oriented.
Preserves
Consider #; and 7 orthogonal to the line (not parallel), and let 7 = & x ¥y; then 01, %, 75 s a
positively oriented basis, and T () = @), T{#) = —#,, T(#h) = —¥; is positively oriented as well.
. Reverses
The standard hasis €,,8,8 is positively oriented, but T(&)) = —&1,T(8;) = =&, T (&) = €y is

negatively oriented.

Here A = l:j ETI]’ det(A) = 5, b= [é}, so by Fact 6.3.9
1 7 31
det [3 11] det [4 3]
r=—"" -777:_27_1}:———' =1.
5 5

Here A = [_Z ‘i;] det{A) = 17,5 = [é] s by Fact 6.3.9



31. In what follows, we will freely use the fact that an invertible linear transformation L from R? to R®
maps an ellipse into an ellipse (see Exercise 52 of Section 2.2).

Now consider a linear transformation L that transforms our 3-4-5 right triangle R into an equilateral

triangle T. If we place the vertices of the right triangle R at the points [g} , [é] , [g} and the

1
vertices of the equilateral triangle T at [g] , [[2}] ; [\/ﬁ] , then the transformation L has the matrix
10 i '
A=1|2 7 } with det(A) = —.
U 5 24/3

According to the hint, £ will map the largest ellipse £ inscribed into f into the circle " inscribed nto
T. The accompanying figure illustrates that the radins of C' is tan(r/6) = 1/+/3, so that the area of C
is m/3. Using the interpretation of the determinant as an expansion fact, we find that (area of C') =

(det A}(area of £}, or (area of &) :. dl(f:t(oi‘;f = 2—\;% = 3.6




32. We will use the terminology introduced in the solution of Exercise 31 throughout. Note that the
2 ~2/V3
0 V3

teansformation L1, with matrix 4~ = { “ . maps the circle € (with radius 1/4/3) into the

ellipse & Now consider a radial vector ¥ = % [iﬁ?g] of C, and find the maximal value M and the
4 1 1 4
minimal value m of A ! *ll = + 9 sin @ —\/—:{smﬁ {cosf) = 18 5 —(cos 26) - \,G(S!n 26) (we

are taking the square to famhtate the corputations). Then v A and /7n will be the lengths of the semi-

i 25 1 16 193
axes of £, The function above is sinusoidal with average value l—; and amplitude R BT
) 25 \/ 93 25 — 4/193
Thus M = = + L and n = —o—ka— so that the length of the semi-major axis of £ is
/2 \/ 19 . .
vM 5 +1 2 1.47, and for the semi-minor axis we get

S \/193 ~ 070



