2. A1 = 2.2 =0, F: = span [}J , fg = span [mi]
. a1 -1
Eigenbasis: [1] [ 1]

3 1

3. =4 A =9, Ey=span [_2], Ey = span [1]

Eigenbasis: [ _‘3] . [ i ]

4 A=A =1,E = span [‘i]

No eigenbasis



10.

1
A1 =1, Ay = 2, Ay = 3, eigenbasis: [0],|1],
0

1
A=Az =1, Ay = 0, eigenbasis: |0
0

1
AM=MA=1,A=0 £ =span |
0
No eigenbasis
1

A = Ay =0, Ay = 3, eigenbasis: | =1




16.

17.

13,

Ap = {t (no other real eigenvalues), with eigenvector | —1

No real eigenbasis

AIEAQEO,A3=)\;-=1

1 0 0 0
with eigenbasis 0 . ! » v
0 1 0 0
0 0 0 1

Al =2 =0, M= A =1, By = span(éy, €3), E| = span(#z)
No eigenbasis



21. We want A such that 4 [

L)

The answer i3 unique.

|

)
6

4
&

|-

[
|

]



27. By Fact 7.24, f4(A) = A2 = 5A+6=(A—3){A -2} s0 A, =2 A = 3.



33.

3.

If §7148 - B. then
S MM, ~ A)S = 871 A8~ AS) = A58 — §7148 = AL, — B.

Neste that §B = A5,

a. If o is in the kernel of B. then AST = SBF = S0 = (. so that S is in ker(4).



b. 1 is clearly linear, and the transformation R{F) = 5~'F is the inverse of T (if ¥ is in the kernel of
B, then §717 is in the kernel of A, by part (a}}.

¢. The equation nullity(4) = nullity(B) follows from part (1b); the equation rank{A) = rank(B) then
follows from the rank-nullity theorem (Fact 3.3.9).

35. No, since the two matrices have different eigenvalues (see Fact 7.3.8.¢).

36. No, since the two matrices have different traces (see Fact 7.3.8.d)



38. Note that f4{0) = det(0fy — A) = det{— A) = {~1)*det(A) =

Since hm fa(A) = o, the polvnoml.ﬂ Fald) Inllbt have a pUSltl\’E root Ag, hv the Intermediate Value
Fhenrem In other words, the matrix A will have a positive eigenvalue Ay. Since A is orthogonal, this
eigenvalue Ag will be 1, by Fact 7.1.2

This means that there is a nonzero vector ¥ in B* such that
A7 = 17 = ¢, as claimed,

A0

/).0=1 A




2 11
41. The eigenvalues of A are 1.2, —0.8, —-0.4 with eigenvectors {61, | =24, | -2
2 1 2
9 2 1 9
Since F =506 +50 -2 +50] 2] we have Z(+)=50(12)" 16 +50(-0.8)
2 1 2 2

1
S0(—0.4) | ~2 | so as t goes to infinity j{t) : n(f) : a(t) approaches the proportion 9:6: 2.
2

[l S ]



44, a.

1y,

@y; — 0.7 means that only 70% of the pollutant present in Lake Silvaplana at a given time is still
there 4 week later; some is carried down to Lake Sils by the river Inn, and some is absorbed or
evaporates.

The other diagonal entries can be interpreted anzlogously. aa: = 0.1 means that 10% of the pollutant
present in Lake Silvaplana at any given time can be found in Lake Sils a week later, carried down
by the river Inn. The significance of the coefficient ay, = 0.2 is analogous; ¢3; = 0 means that no
pollutant is carried down from Lake Silvaplana to Lake St. Moritz in just one week.

The matrix is lower triangular since no pollutant is carried from Lake Sils to Lake Silvaplana, for
example (the river Inn Hows the other way).

0 ¥ 1
The eigenvalues of A are 0.8, 1.4, 0.7 with correspouding eigenvectors | 0|, if. 1
1 -1 -2
l[] 0 1 0 H
F0) = = 100 — 100 | 1| -+100| 1]|so&(t)=100{08)" 0| —10006) | ]|+
H
100¢0. 7) ijor
9

21(t) = 100(0.7)"
22(t) = 100(0.7)! — 100{0.6)'
z3(t) = 1H00(0.8) + 100{0.6)" — 200{0.7)

xin

0

—t—tt—




Using caleulus, we find that the function z; (¢} = 100(0.7)* — 100(0.6)' reaches its maximum at
t = 2.33. Keep in mind, however, that our model holds for integer ¢ only.



48. a. We are told that
alt + 1) =a(t) + 5(8)

F{t+ 1) = a(t), so that A = [

A 1 1 i
Since £(0) = [0] = 7 [ 1

! 1y, )L
a(t) = 'Jg(()\l) (A2)™)
1

ﬁ)((/\l)‘ = (A1),

i) =

1t L+ Vo
alf) |y - T\/;rsillce [A2| < 1.

1

F

1
ol
b fa(A) =AA -1 —1=X —XA—1s0 M=

]_

1

V5

1++3

[z\f} we have F(f)

Al
1

with eigenvectors [

|





