0.

il.

. Fails to be diagonalizable. There is only one eigenvaliie, 1, with a one-dimensional eigenspace.

Fails to be diagonalizable. There is only one eigenvalue, 1, with a one-dimensional eigenspace.

Fails to be diagonalizable. The eigenvalues are 1,2,1, and the eigenspace E) = ker({y — A) = span{é})
is only one-dimensional.

1 0 —1
Diagonalizable. The eigenvalues are 2,1,1, with associated eigenvectors |0, [ 1], 0. If we let
‘ 0 0 L
1 0 -1 200
=10 1 Oi, then 1A =D=[|0 1 0
00 1 0 01



16.

iT.

18.

19.

1 0

. Diagonalizable. The eigenvalues are 1. -1, 1, with associated eigenvectors {17, 1], [0]- I welet

H
2140 1 0D 0
§=11 1 0], then $'AS=D= {0 -1 0
0o 01 0 01
2 1 0
Diagonalizable. The eigenvalues are 3.2,1, with associated eigenvectors | U |, 1. If we let
1 1 0
210 3 00
S=10 0 1].then §1485=D= |0 2 0
110 0 01
1
Diagonalizable, The eigenvalues are 0,3,0, with associated eigenvectors -1+,11]., 0. If welet
0 -1
1 1 1 000
5=1|-1 1 o0}, thnS'AS=D= (0 3 0
01 -1 0 00
2 1 0
Diagonalizable. The eigenvalues are 3,2,1, with associated eigenvectors [U |, 0i, |11, I we let
1 1
2 1 0 3 0 ¢
=10 0 1|,then §7'A8=D= |0 2 0
1 1 0 0 o0 i1

Fails to be diagonalizalhle. The cigenvalues are 1,0.1, and the eigenspace Ey = ker(ly — A) = span(é))
is only one-dimensional.



32.

35.

36.

4 -2
1 1

RER! e [3 0]
S_['I 1],'Lheu.ﬁv AS-D~—[0 2].111115

2t £y _ o 41 __
A=SDS'1 and At =3Df5l--1 = [i 1} |:3 0] [_1 —1] — [2(3) 2 2 2(3t)]

The eigenvalues of A = [ are 3 and 2, with associated eigenvectors [?] and [i] If we let

1|0 2 i 2 32 ar+l — 3t

The eigenvalues of A= [; 2] are 0 and 7, with associated eigenvectors [A?] and [;]
-2 1

If we let S=| 3 3], then S-14S=D = [g g] Thus A=SDS™! and A'=S8D'S!=

1—=2 1770 077=3 1] _1[ 7 2077 _orcl s wo eun £ y . -
?[ . 3] {0 7'][ ! 2]_?[3(7t) 6(7%) — 71 4. We can find the same result more directly

by observing that A” = 7A.

. The eigenvalues of A are 1/4 and 1, with associated eigenvectors [_1] and [1} If

2
—i ;], then §'AS=D= 164 ? . Thus A= S8DSTand A'=8D'S'=

1M S - 4]y ),

we let §=

3l 1 2] o 1ll 1 o1]T3l2-20/4) 2+(1/9)
Matrix [:; g has the eigenvalues 3 and 2. If ¥ and @ are associated eigenvectors, and if we let
-1 6 3 0 =1 6f. . . 3 0
[ 1 . <0 th ) sirnils
8 = [#w), then 5§ [_2 6] S = [0 2] , 50 that matrix [_2 6] is indeed similar to [0 2].

Yes. The matrices [:i g] and [ ! i} both have the eigenvalues 3 and 2, so that each of them is

-1
. . .13 0 . -1 6], . . 1 2
similar to the diagonal matrix 0 2| by Algorithm 7.4.4. Thus 2 6| ® similar to § 1 40 by

parts b and ¢ of Fact 3.4.6.



47.

18.

49.

The nonzero even functions, of the form f(x) = a + cz®, are eigenfunctions with eigenvalue 1, and the
ponzero odd functions, of the form f(«x) = bz, have eigenvalue —1. Yes, T is diagonalizable, since the
standard basis, 1,x, 2%, is an eigenbasis for T

Apply T to the standard basis: T'(1) = 1, T(x) = 2z, and T(z?) = (2z)*> = 42*. This gives the eigen-
valnes 1, 2, and 4. with corresponding eigenfunctions 1, &, x%. Yes, T is diagonalizable, since the standard
basis is an eigenbasis for T,

1 -1 1
The matrix of T with respect, to the standard basis 1,z,2% is B= |0 3 -6 |. The eigenvalues of
g 0 9
1 -1 1
B are 1, 3, 9, with corresponding eigenvectors § 0|, 21,1 —-41. The evigenvalues of T are 1,39,
0 0 4

with corresponding eigenfunctions 1,2z — §,42% — 4z + 1 = (2r — 1)*. Yes, T is diagonalizable, since
the functions 1,2z — 1, (2z — 1)? from an eigenbasis.

1 -3 9
. The matrix of 7" with respect to the standard basis 1, x,0? is B= | 0 1 -6 |. The only eigenvalue
0o o0 1
1
of B is 1, with corresponding eigenvector | 0 | . The only eigenvalue of T'is 1 as well, with corresponding
0

eigenfunction f(x) = 1. T fails to be diagonalizable, since there is ouly one eigenvalue, with a one-
dimensional eigenspace.



- If @ is an eigenvector with eigenvalue A, then

falA)F = (A" + @, (A 4 -+ A+ gl T

=ANT+a, A" W @ MW+ at

= {/\“ e, ANV E A+ 2T

= falA)T = 07 = 0.

S‘m(e As di&gunahmhle any vector & in R" can be written as a linear combination of eigenvectors,
s0 that fa(A)Z = 0. Since this equation holds for all & in R, we have Fa(4) =0, as claimed.



6l. a.

b.

d.

B is diagonalizable since it has three distinct eigenvalues, so that 5 'BS is diagonal for sonie
invertible §. But S"'AS = §-*I;8 = I is diagonal as well. Thus A and B are indeed simultaneousty
diagonalizable.

There is an invertible § such that §'AS= D) and § I3S = [}, are hoth diagonal. Then
A=8D,S"' and B=5D,5"1 so shat AB= (§D:;8 )(SDyS™") = SD1DyS™! and BA =
{5D,5 WEDLE ) = §D:D;5 ', These two results agree, since Dy = DyDy for the diagonal
matrices D) and Ds.

- Let A be T, and B a nondiagonalizable n x n matrix, for example, A = [(1) {1]] and B = [[1) ﬂ .

Suppose BI} = DB for a diagonal D with distinct diagonal entries. The ijth entry of the matrix
BD = DB is b;,d;; = disbi;. For i # j this implies that &, = 0. Thus B must be diagonal.

. Since A has n distinct eigenvalues, A4 is diagonalizable, that is, there is an invertible S such that

§'48 = D is a diagonal matrix with n distinct diagonal entries. We claim that S “1BS is diagonal
as well; by part d it suffices to show that § ' BS commutes with D = § 1 AS. This is easy to verify:
(S 'BS)D = (S 'BSHS 'AS) =S 'BAS = S YABS = (5 'AS)(S'BS) = D(S 'BS).





