2

b+ 27k b+ 2k
5. Let z =r{cos¢ + ising) then w = W(cr)s(¢+n7r )+z‘sin(¢+ ﬂ”)).k‘=0, L2....,n~1

Ik k
4. Let z = r(cos ¢ + isin ¢} then w:\/F(cos(é-‘_ il ) +z‘sin(q’)-’_227r )), k=01

T

1 1
6. If we have z = r(cosd + 1 5in @) then - must have the property that z- - =1 = cos0 + isin0

1 y 11
ie. |z|- :J =1 and arg (Z' ;) = arg{z) + arg (;) =050 - = ;((‘OH(AG’)) + isin{—e)) =

o

3

—(cos¢ —isin @} (since cosine is even, sine odd). Hence — is a real scalar multiple of z.
r z
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11.

Notice that f{1) =0 so A =1 is a root of f. Hence f(A} = (A - 1)g(A), where g(A) = o A7 -
23 + 5. Setting g(A) = 0 we get A = I £ 2¢ so that f{A) = (A~ 1){A =1 - 2(A - 1 +24).

. We will use the facts:

iyz+w=7+wand

i) {z7) = 2*

These are easy to check. Assiune ) is a complex root of FOX) = a, A" + -+ -+ @ A + ay where the
coefficients a; are real. Since Ay is a root of f. we have a, Al +a, (Al Yroday g tay=10.



Taking the conjugate of both sides we get a._,,i{; + a, AT Xy +ag = 0 so by fact i), and
factoring the real constants we get @, A + Ny T ah Fag =0

Now, hy fact ii). @, (A)" + @uc1 (M) + - "+ @y hg 4+ ag = 0, i.e. Ag is also a root of f. as claimed.



19. a. Since A4 has eigenvalues 1 and 0 associated with V and V' respectively and since V is the eigenspace
of A = 1, by Fact 7.5.5. tr(A) = m, det{4) = 0.

b. Since £ has ecigenvalues 1 and —1 associated with V and V- respectively and since V is the
eigenspace associated with A= L tr{d) =m ~ (n~m}=2m —n, det B = {-1)" ™.

20. fa(A)=(A=3)A+3)+10= N +150 Ay = =i,

2 faA) = —11)A+T)+90 =22 ~4X + 1350 Ay =2+ 30,



24.

26.

27.

30.

31.

Faly=2% - 3N+ TA~5s0 A = 1,3 = 1 224 (See Exercise 11.)

AN =M1 = (A=A ) = (A - DA+ DA - A+ ) so A = £1 and Ayy = H

FA) =222+ DA =22 = (A2 -2+ (A -2A=0,50 ha=1Hi, M =22 =0

By Fact 7.5.5 tr(A) = A + Ag + Az, det{A) = Aidods but A; = Ay # A3 by assumption, so tr{d)=1=
2Ay + Az and d?t(A) =3= /\%A;

Solving for Az, As we get —1,3 hence Ay = A2 = —1 and A3 = 3. (Note that the eigenvalues must be
real; why?)

. By Fact 7.5.5
227 = 50
24+24+Z=8

Fz=a+hiweget(e+bi)+(a—b)=6s0a=3.
(a+bi)e—b)=251e a®+b=250r 9+ b =250 b= 44
Hence Ay3 =3 & 4¢.

trfAy=0s0 A+ A+ X3 =0

Also, we can compute det(A) = bed > 0 since b, ¢,d > 0. Therefore, AjAsAsz > 0.
Hence two of the eigenvalues mmust be negative, and the largest one (in absolute value) must be positive.

T

a. The ith entry of AT is Za,-kzk. s0 that the sum of all the entries of AT is
k=1
n n n n n ki3 n
I 9 SEED 91 9P ENS SRR
i=1 k=1 k=1 i=1 k=1 i=1 k=1

1

b. As we do some computer experiments, A' appears to approach a matrix with identical columns,
with column sum 1. Let 7, %, ..., %, be an eigenbasis with A, = I and |A;] < 1for j =2,...,n. For
a fired i. write € = e1Th + co¥z + - -+ + €,Ty, s0 that (éth column of Al = A8 = et + (e MT +

et eu M) -

(The term in sguare brackets goes to zero as ¢ goes to infinity.)
Therefore, lim (ith column of A% = lim (A*é") =19
I~urtherm0r€' t,he entries of A'&; add up to 1, for all ¢, by part a. Therefore, the same is true for the
limit (since the limit of a sum is the sum of the hmltq}
It follows that flin;lc (A"} exists and has identical columns, with column sum 1, as claimed.

t
1 1 . .
No matter how we choose A, 5A is & regular transition matrix, so that hm ( 5 A) is a matrix with
5

identical columns by Exercise 30. Therefore, the columns of At “become more and more alike” as f
ijth entry of A* o
J = 1for all 4, j, &.

aporoaches infinity, in the sense that hm B T T
PP ¥ x 7kth entry of A’



a(t) 0.6a(t} + 0.1m(t) + 0.5s(t) 0.6 0.1 05

a ()= [m(t) | = [0.2a() +0.7m(t)+01s(t) | so A= | 0.2 0.7 0.1

s(t) 0.2a(t) + 0.2m(t) + 0.4s(t) 0.2 0.2 04

Note that A4 is a regular transition matrix.

. By Exercise 30, r]im (A'y = [¢97], where ¥ is the unique eigenvector of 4 with eigenvalue 1 and
foes i3

0.4
column sum 1, We find that ¥ = | 0.35
0.25

Now }im F() = !lim {A'F)) = (j]im Al ) 7y = [#T7])Z,; = ¥, since the components of &, add up to 1.
— —c —
The market shares approach 40%, 35%, and 25%. respectively, regardless of the initial shares.



36.

. The entries in the first row are age-specific birth rates and the entries just below the diagonal are

age-specific survival rates. For example, the entry 1.6 in the first row tells us that during the next 15
years the people who are 15-30 years old today will on awerage have 1.6 children {3.2 per couple}
who will survive to the next census. The entry 0.53 tells us that 53% of those in the age group
45-60 today will still be alive in 15 years (they will then be in the age group 60-75).

. Using technology, we find the largest eigenvalue A = 1.908 with associated eigenvector

0.574

0.247

0.115

0.047

0.014

0.002

The components of 7, give the distribution of the population among the age groups in the long run,
assuming that current trends continue. A; gives the factor by which the population will grow in the
long run in a period of 15 vears; this translates to an annual growth factor of V1.908 ~ 1.044, or
an annual growth of about 4.4%.
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