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. Ay =X =0and k3 =9,
2 1

- . L1 g
= 7_ 1| isin Ey and o = 3 -2 | is in Ky
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Let & =i xih = —= | —4{; then oy, th, ¥ Is an orthonormal eigenbasis.
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11. — , —= 0|, | 1] is an orthonormal eigenbasis, with A; =2, Ay = 0, and A3 =1, 80
v2 1 v2 i 0
R 2.0 0
S-——2 0 0 V2fland D= |0 0 O
L1 o 00 1
1 1 1 0 1 2
12, a. Fy=span | 0| and E.; = {E;}*. An orthonormal eigenbasisis — [ 0[. {1 |. = 0
2 V5 2 0 V5 -1
1 0 0]
b. Use Fact 74.1: B= {0 -1 0
0 o -1
L g 2
-0.6 0 038 NES V5
c. A=58585"1= O -1 0 |,whereS=|0 1 0
08 0 06 2 5 _L
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15. Yes, if A¥ = A7, then A~17 = 3\-7;, s0 that an orthonormal eigenbasis for A is alse an orthonormal

eigenbasis for 47! {with reciprocal eigenvalues).



16.

17,

18.

19.

20.

a. ker( 4} is four-dimensional, so that the eigenvalue () has multiplicity 4, and the remaining eigenvalue
is tr(A} = 5.

b. B = A+ 2[5, so that the eigenvalues are 2, 2, 2, 2, 7.
c. det{B) = 2! .7 = 112 (product of eigenvalues)

If Ais the n x nmatrix with all 1’s, then the eigenvalues of A are 0 (with multiplicity n — 1) and .. Now
B =qgA+ (p- q)l,, so that the eigenvalues of B are p — q (with multiplicity n — 1) and gn + p —q.
Thus det(B) = (p — )™ ign +p — q).

By Fact 6.3.7, the volume is |det 4| = \/det{ATA). Now # - &) = ||&]|[|&] - cos(a) = §, so that AT A
has all 1's on the diagonal and %b outside. By Exercise 17 (wirh p=1and g= %) det(47A) =
(%)n”1 (In+ 1) =(5)" ( + 1), s0 that the volume is \/det(4T4) = (%)712 v+ 1.

Let L(E) = A%. Then ATA is symmetric, since (ATA) = A7(AT)T = AT A, so that there is an
orthonormal eigeubasis ¢5,...,4, for ATA. Then the vectors Am,. .., AY, are orthogonal. since
AG - AT, = (AT)T AT, = 0T ATAS = & (ATAF) =0, () = N8 0) =0if i # j.

By Exercise 19, there is an orthonormal basis #).. .., %, of R" such that T(#1}...., T(#,) are orthogonal.

Suppose that T(#}, ..., T(7.) are nonzero and T'(Vr41). ..., T'(5,) are zero. Then let w; = ml{‘z)
i

for i = 1,....r and choose an orthonormal basis @1, ..., Wy, of [span(@y, ..., ,)]". Then .. .., W0,

does the job.



29, By Fact 5.4.1 {im A)' = ker(A7) = ker(4), so that ¥ is orthogonal to .



31. True; A is diagonalizable, that is, A is similar to a diagonal matrix D; then A? is similar to D?. Now
rank{D) = rank{D?) is the number of nonzero entries on the diagonal of D (and D?). Since similar

matrices have the same rank (by Fact 7.3.8b} we can conclude that rank(A) = rank(D) = rank(D?) =
rank(A?).



36, If 7 is an eigenvector with eigenvalue X, then A0 = A7 = A%¢ = 3¢, so that A= M and therefore
A=0or A=1. Since A is symmetric, E, and E; are orthogonal complements, so that A represents
the orthogonal projection onto £},





