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10.

11,

12.

13.

14,

, positive definite

A= [; i , indefinite (since det{A4) < 0)
{ , indefinite {since det{A) < 0)

[+
W L2

0 2
.A=10 3 0], indefinite (eigenvalues 2, -2, 3)
0 0

.1 §7'AS = D is diagonal, then §1A%S = D?, so that all eigenvalues of A2 are >0. So A? is positive

semi-definite; it is positive definite if and enly if A4 is invertible.

a. (ADT = (AT = (— A)? = A%, so that A? is symmnetric,

b. ¢(F) = FTAXF = FTAAT = —FT AT AF = —(AX) - (AZ) = ~| A2 <0 for all 7, so that A% is nega-
tive semi-definite.

¢. It ¥ is a complex eigenvector of A with eigenvalue A. then A% = X7, and A €0, by part b
Therefore, A is imaginary, that is, A = bi for a real b. Thus, the zero matrix is the only skew-
symimetric matrix that is diagonalizable over R.

Ligy=(F+0)  A(F + ) ~ 2T AT - T AT=2T AT + FLAT+ 77 AF + T AT — #1AF ~ VT AT=F1 AT +
vTAZ = 7T AT + 7T A7 = (20T A)Z,

l

note that ©7A# is a scalar so that #T A0 = (ZT A¥)T = #TATE = #T AZ if A is symmetric.
So L is linear with matrix 257 4.

The eigenvalues of A" * are the reciprocals of those of A, so that A and A’ ! have the same definiteness.

det{A) is the product of the two {real) eigenvalues. g is indefinite if an only if those have different signs,
that is, their produet is negative.

q(é) =& - Afi =u; >0
If det (A} is positive then both eigenvalues have the same sign. so that 4 Is positive definite or negative

definite, Since & - 47, = a > 0, 4 is in fact positive definite.

2

5. A= [6 ﬂ eigenvalues A = 7 and A» = 2

. - 1 (21 . 1 |1
orthonormal eigenbasis 1) = — Uy =

V5 |1 N

M+ dack = Lor Tcd 4 2¢5 = 1



16. A 02 eigen 1%/\—1 and A !
A= . values A, = - ) 1
% ol £ alul 1 5" 9 2

1

1 [ 1 1
orthonormal eigenbasis th, = —= and ¥ = —
¥ RV [1] T [— J
1, 1
2

- —

3% =1




18. A= [_g J'z}, eigenvalues A\; = 10, Ay =5
) i 1 [2 1 [—i]
orthonormal eigenbasis ¥, = — = —
; Y H RNV .

10¢7 + 5cZ = 1 (ellipse)

=4

igenvectors ) 1 [1] it ! [2]
eigenvectors iy = — | , |, th = —
' 52 1

5¢2 = 1 {a pair of lines)



Note that (#] + 4z17: + 423) = () + 212)2 = 1, so that 2 + 22y = £1, and the two lines are
1 3

1 - -1 - |
Iy = **2' - and ry = —2-—

20, A= [_g g], eigenvalues \; = 6 and A; = —4

—

orthonormal eigenbasis ¥, ! {1] 7, ! [—3]
" rmal eigenbasis ¥, = — N —

& R k1 VST A
6cf — 4¢3 = 1 (hyperbola)

E(l

21. a. In each case, it is informative to think about the intersections with the three coordinate planes:
X1 — T, ¥ — ry, and z - T3
For the swrface 2] + 43 + 923 = 1, all these intersections are ellipses, and the surface itself is an
ellipsoid.



This surface is connected and bounded; the points closest to the origin are + , and those

ks S O

1
farthest £ | O
0

}

r¥ +4rd + 923 = 1 (not to scale)

an ellipsoid

In the case of 2% + 4z} — 923 = 1, the intersection with the x| - 72 plane is an ellipse, and the two
other intersections are hyperbolas. The surface is connected and not bounded; the points closest to

0
the origin are = %
0

25+ 4:8 - 9x% = 1 {not to scale)
a hyperboloid of one sheel



In the case —x? — 4uZ + 9z% = 1, the intersection with the x; — 2 plane is empty, and the two other
intersections are hyperbolas. The surface consists of two pieces and is unbounded. The points closest

0

to the origin are +

wim O

—i] - 4z3 + 922 = 1 (not to scale)
a hyperboloid of two sheets

1 51
A= |3 2 3} ispositive definite, with three positive cigenvalues Ay, Ag, Ay
1 33

Surface is given by /\1(.% + )\gr:g 4 )\;;c?; = 1 with respect to principal axes, an ellipsoid. To find points
closest to and farthest from origin, use technology to find eigenvalies and eigenvectors:
eigenvalues: Ay = 0.56, Ay =z 4,44 Ay = 1

(.86 0.31 1 1
unit eigenvectors: ¢ = 019, Tome [ 054, Ty =-— 1§ -2
—0.47 0.78 V6 1

Equation: 0.56¢% + 4.44¢% + ¢ = 1

Farthest points when ¢; = + and oy =¢3 =0

H
V.56

]
Closest points wh + ! 1 0
“losest points when er = and ¢ = ¢y =
P i NZwTi 1 3
1 0.86 1.15
Farthest points =~ + . — 0.19] ==+ 0.26
v0.56 | _p.a7 ~0.63



0.31 0.15

Closest points =dt—— ] 0.64 | = £ | 0.26
Vadd g 7g 0.37
-1 0 5
22. A= 0 1 0f};ecigenvalues A\; =4, by = —6, Az =1
5 0 -1

Equation with respect to principal axes: ¢ — 6¢§ + ¢} = 1, a hyperboloid of one sheet (see solutions
to 21a).

Closest to origin when ¢; = +4, ¢z = ¢3 = 0.

1 1
1 11
A unit eigenvector for eigenvalue 4 is ¥ = —= | 0|, 80 that the desired points are £;—= | 0| =
21 2v2 |4
0.30
+ 0

0.35





