22,

23.

26.

27.

28.

dz a7 dz  dF  dF
We are told that —+ = A%, and —Jti = Af. Let &(t) = #1(t) + F2{t). Then d—j = % + % = AT +
AFy = A(F) + £2) = AZ, as claimed.
dx dr  d dazr
We are told that % = AFy. Let #(t) = k7,(t). Then di: = (k) = A% = kAL, = Alk;) = AF,
as claimed.
Ty g , dﬂ?_ = ki f d . _d_kt = .\fdl’__.kf,-'
. We are told that P AZ. Let é(t) = " Z(t). Then priader —(e®T) = e T+e pri ke™ I +

M AT = (A4 kL) (eFE) = (A + kI,)E as claimed.

= @ d
- We are told that = = 4%, Let (t) = #(kt). Using the chain rule we find that 5 = © (F(kt)) =
k %{' = kA(Z(kt)) = kAE(t), as claimed.
kit

To get the vector field kAE we scale the vectors of the field A by &.
M=3 u=-27 = [H T = [_g] €1 = 8,c2 = —1, so that &(t) = b [i] — e [72]

Use Fact $.1.2.

The eigenvalues of A = "g _g] are A; = —6 and A, = —1, with associated eigenvectors ¥ { ]
2
5

. 1 . - 1
and & = [1] The coordinates of F{0} = with respect to 7, and @ are ¢; = ~% and ¢ —

1 - 2
By Fact 9.1.2 the solution is #{(#) = — _e¢™® { 3} + 5&”’ [}]

)\1223 AZIle ’,‘_—11: [_;}.'
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32.

\//

E,
See Exercise 26.
33. £,
E-S
See Exercise 27.
34.

See Exercise 28.



41. The trajectories are of the form £(t) = 1My + ™% = 1% + 200

span (i:)

% pon

42. a. The term 0.8z in the second equation indicates that species y is helped by x, while species x is
hindered by y {consider the term —1.2y in the first equation). Thus y preys on z.

by
E; = span [é]

L/,
e[
a

) i 1
c. If % < 2 then both species will prosper, and glfﬂ % =3
y{0) U,
If 2(0) > 2 then both species will die out.

43. a. These two species are compeling as each is hindered by the other (consider the terms —y and -2xY.



.,

*

., 1
Eg = span [_]]

Although only the first quadrant is relevant for our model, it is useful to consider the phase portrait
in the other quadrants as well,

.
*
»
*
+
» .
+
*
>
1

c. If w0 > 2 then species y wins {r will die out); if == y(0) < 2 then x wins. If =—= v _ = 2 then both will
z(0) (0) {(0)
prosper and y(—” = 2 for all £.
z(t}

44. a. The two species are in symbiosis: Each is helped by the other (consider the terms 4y and 2z).

1
Ef; =5 regardless of the initial populations.

45. a. Species y has the more vicious fighters, since they kill members of species « at a rate of 4 per time
unit, while the fighters of species x ouly kill at a rate of 1.

¢. Both populations will prosper and hm

0)

c. If y(0 ) thon x wins; if y0 ) then y wins; if ° u = ! nobody will survive the battle.
2(0) (0) z{0) 2



46G. Phase porirait:

D
P bt .
L) b
+ ., 0’

...’-, &
Ejpy = span [_‘%]
E

. 0 ‘

if M < ﬁ then 1 wins; if M > ﬁ then y wins; if u(0) - ve then nobody will survive the
(M) /P z(0) © p ={0) /P

battle.

47. a. The two species are in symbiosis: Each is helped by the other {consider the terms kz and ky).

-5+ /9 + 4k?

b. Az =
5 .
Both eigenvalues are negative if 9+ 4k% < Sor 9+ 4% < 25 or 4k < 16 or k < 2 (recall that k is
positive).

If & = 2 then the eigenvalues are —5 and 0.
If & > 2 then there is a positive and a negative eigenvalue.

t k=3
L %)
)
-
.'.-/
“ .
+
Ll -
Cd L)
< wd
0’ .\‘.
.’ .:. *
# W *
.
. . £
both species die out both species prosper systern approaches an

equitibrivm state

48. a. Symbiosis

b. App =

Both eigenvalnes are negative if v+ 4k <Bbor 9+ dk <25 or 4k < 16 or k£ < 4
If & = 4 then the eigenvalues are —5 and .
1If k > 4 then there is a positive and a negative eigenvalue.

¢, k = i: See corresponding figure in Exercise 47.
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system approaches system approaches
an equilibrium state an cquilibrium state



52. The solutions of dt [0 0

0 1] Z are of the form [p—i(—}qt] , where Z(0) = [E] . by Exercise 21. Since

0 A 0 06y
Exercise 24. The zero state is a stable equilibrium solution if and only if A< 0. The case A=0is
discussed in Exercise 21.

['\ l] =ML+ [0 1] the solutions of the given system are of the form F(t) = e* P -i(-}qt . by

Fa-31]






