Math S-21b — Summer 2005 — Exam #1 Solutions

1) Trueor False
a) If Alisab x 4 matrix of rank 4, then the kernel of A must be nonzero.

FAL SE — The matrix A represents alinear transformation from R* to R>. In the case where A is of
maximal rank, i.e,, rank (A) = 4, the rank-nullity theorem says that nullity = O (since rank + nullity = 4 for
a5 x 4 matrix). So the kernel of A must be {0}.

b) Let A bea5 x 4 matrix such that dim(ker A) = 1. Then for any b in R®, the solution set to Ax =b isa
linein R* parallel to ker A.

FALSE —Since A isa5 by 4 matrix, it represents alinear transformation from R* to R°. Since we are
given that dim(ker A) = 1, we can apply the Rank-Nullity Theorem to conclude that dim(im A) = 3. It is
therefore quite possible that given any b in R®, it will not lie in theimage. Consequently, the system
would be inconsistent and there would be no solutions.

c) Let A beaninvertible 3 x 3 matrix and let V ={v : |Av| <1}, that isthe set of all vectors whose images
under A have length less than or equal to 1. V is a subspace of R>.

FAL SE — Such a subset cannot possibly be a subspace because it is not closed under scalar multiplication.
For example, if v is such that the magnitude of Av is 1, then A(2v) = 2Av will have a magnitude of 2, so
2v will not be in the subset V.

d) Consider the vectors vy, Vs,...,v, in R™. Let A be ap x mmatrix. If the vectors vy, v,,...,v, are linearly
dependent, then so are the vectors Av,, Av,,..., Av,.
TRUE - If vectors{vy, Va,..., Vn} arelinearly dependent, then there are constantscy, ..., ¢y, not al zero,
such that cyvi + Cv2 + -+ + cvn = 0. Apply (multiply by) the matrix A on both sides to get:
A(C1v1 + Cvo + - + CVp) = C1AVL + CAV, + -+ + G AV, = 0. Thus, there’ sanontrivial linear
combination of the vectors{ Avi, Avy,..., Avy} that sumsto the zero vector, so they are dso alinearly
dependent set of vectors.

e) rank(A?) < rank(A) for any square matrix A. (A? denotes the product AA.)
TRUE — Use the fact that im(A?) < im(A) to conclude that dim(im(A?)) < dim(im(A)).

1 -2 1 5 O

1 -2 -1 1 O

3 6 -1 7 -1
-1 2 0 -3 0

2) Let A bethe4 x 5 matrix A =

3
a) Find all solutions of the equation Ax = b, whereb = ?
-4
Solution: Thisis solved using row reduction on the augmented matrix:
1 -2 1 5 0|3 1 -2030|4
1—2—1105RR_E>F00120—1
3 6 -1 7 -1|1 O 0 00 1|12
-1 2 0 -3 0|4 O 0 00O0|O
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There are “leading 1'sin the 1%, 3%, and 5" columns of the reduced augmented matrix, so we'll be able to
solve for the corresponding variables and introduce parameters for the others. Thus, we can choose x; = s
and x4 = t and solve for the others. So all solutions are of the form:

X =4+2s-3t 4 2 -3
X, =S 0 1 0
Xy =—1-2t orinvector form X=|-1|{+s| O|+t| -2]|.
X, =t 0 0 1

The solution to thisinhomogeneous system is just atranglate of ker(A), the solution to the homogeneous
system.

b) Find a basis for the kernel of A and itsdimension, i.e. the nullity of A.

Solution: We solve the homogeneous system Ax = 0 by row reduction. Thisis precisely the same
calculation as above only with all zeros on the right side:

SRR ]
< RREF
3 6 -1 7 -1|0 O 0 001|0
-1 2 0 -3 0|0 O 0 00O0O|O
So all solutions are of the form:
X;=—2t ¢, orinvector form, x=s| 0 |+t|-2].
X4:t O 1
¥ =0 0 0

Thusthe kernel is of dimension 2 and these two vectors form abasis for ker(A).

¢) Find abasisfor the image of A and itsdimension, i.e. the rank of A.

Solution: We' ve shown that a basis for im(A) can be chosen by taking only those column vectors of the
original matrix A that led to a“leading 1" in rref(A). Thus, in this example we may choose the 1%, 3%,
and 5™ column vectors of A, namely:

1 1 0
1 -1

V1: 3 ,V3: _1 f andV5= _01 .
-1 0 0

Thus the dimension of the image, i.e. the rank of A, must be 3.
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3) Suppose the linear transformation T: R* —> R? is clockwise rotation by 90° and that S: R> — R? i's orthogonal

3
(perpendicular) projection onto the line L = Span {4}} . Find the matrix (relative to the standard basis) of

the transformation SoT , that is, the rotation T followed by the projection S,

01
-10
several good methods for calculating the matrix of the projection, but they all yield that this matrix is
%[192 %} . The matrix of the composition S-T isjust the product of the corresponding matrices (in the

same order), so we calculate:

Solution: Clockwise rotation sends the vector e; to —e, and & to e, so the matrix of Tis [ } . Thereare

1[9 12][0 1]_1[-12 97 _[-48 36
2512 16|/ -1 0|~ 25| -16 12|~ |-.64 .48

1 0 0
4) Thevectorsv, = | 0|, v,= | 2|, and v, = | 1| arelinearly independent (and are therefore a basis for R?).
2 1 1

a) If Av,=v,, Av, =v,, and Av; = 2v; (Where{v,, V., V5} are given above), determine the matrix A
(relative to the standard basis).

Solution 1: Substituting the given vectorsinto these three relations, we have:

Calling these two matrices S and B, we can writethisas AS = B. If we further note that Sisinvertible
(because the column vectors v, , v, , and v are linearly independent), we can solve for A as A = BS™.
We calculate this inverse matrix using row reduction or a calculator and do the matrix multiplication
thus:

1 0 0] [2 1 -1
2 1 -1|=|-6 2 4
12 2||-4 -1 2| |30 2

Solution 2: The given relations alow us to easily write down the matrix of this linear transformation

010
relation to the basis B = {vi, v,, vs}, namely [A], =|1 0 0|=S"'AS, where Sisthe change-of-basis
0 0 2
1 00
matrix S={0 2 1|.From thiswe calculate:
2 11

2 11|00 2|4 -1 2 12 2|-4-12 -3 0 2
Page 3

100||010|j1 0 O 0101 0 O 2 1 -
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b) Find a nonzero vector x such that Ax = —x. [There are infinitely many such solutions. Think about it!]
Solution 1: If you simply treat this as a system of linear equations, you get:

2X + X, — Xy ==X, 33X +X,—%=0 3 1 -1l0 1 0 -1!0

—6X —2X%, +4%, =—X, p =>1-6X - X +4x,=0;=|-6 -1 4 |0|=|0 1 2 0.
3%, 2%, =X, -3x, +3%=0 -3 0 3,0/ |[00O0 ;O

The solutions are therefore of theform: {x, =-2t >, or x=t| -2|. In particular, | -2 | isasolution.
Solution 2: We can do the same solution as above with matrices: Ax = —x =—1x. Thisgives us

Ax +1x =0or, moresimply, (A +1)x =0, and thisis solved by row reduction as above.

Solution 3: If you note that Av; = v, and Av, = v4, you can observe that:
A(V]_ —Vz) =Avi—Avy,=Vo -V =— (Vl —V2).
Therefore, the vector (vi —Vv») isasolution. (It's the same as given above in Solution 1.)

c) Find the coordinates of the vector x you found in part (b) relative to the basis B = {v., V,, v3} of R®.
Solution: The coordinates of the vector x relative to the basis B are found by:

) 1 0 01 1
woe

Note that thisjust saysthat x = v; — Vva.
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