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A Least Squares
Model for Human
Hearing:

Fourier Series

The method of least squares approximation is
motivated by energy considerations in a model
for human hearing. Linear Algebra techniques
are used to approximate a functicn over an
interval by a linear combination of sine and

coaine terms.

PREREBUISITES: Inner product spaces
Orthogonal projection
Cla, b] (the vector space of continuous
functions on [a, 1}

INTRODUCTION

We begin with a brief discussion of the nature of sound and
human hearing. Figure 16.1 is a schematic diagram of the ear show-
ing its three main components: the outer ear, middle ear, and inner
ear. Sound waves enter the outer ear where they are channeled to
the eardrum, causing it to vibrate. Three tiny bones in the middle
ear mechanically link the eardrum with the snail-shaped cochlea
within the inner ear. These bones pass on the vibrations of the
eardrum to a fluid within the cochlea. The cochlea contains thou-
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sands of minute hairs which oscillate with the fluid. Those near
the entrance of the cochlea are stimulated by high frequencies and
those near the tip are stimulated by low frequencies. The movements
of these hairs activate nerve cells which send signals along various
neural pathways to the brain, where the signals are interpreted as
sound.

The sound waves themselves are variations in time of the air
pressure. For the auditory system, the most elementary type of
sound wave is a sinusoidal variation in the air pressure. This type
of sound wave stimulates the hairs within the cochlea in such a way
that a nerve impulse along a single neural pathway is produced (Fig.
16.2). A sinusoidal sound wave may be described by a function of
time

q{t)=AD+Asinm(t—6) (16.1)

where g(¢) is the atmospheric pressure at the eardrum, Ag is the
normal atmospheric pressure, 4 is the maximum deviation of the pres-
sure from the normal atmospheric pressure, w/27 is the frequency of
the wave in cycles per second, and § is the phase angle of the wave.
To be perceived as sound, such sinusoidal waves must have frequen-
cies within a certain range. For humans this range is roughly 20
cps to 20,000 cps. Frequencies outside of this range will not stim-
ulate the hairs within the cochlea enough to produce nerve signals.

To a reasonable degree of accuracy, the ear is a linear system,
This means that if a complex sound wave is a finite sum of sinusoid-
al components of different amplitudes, frequencies, and phase angles,
say

q(f) =AO +A151n wl(t - 61)

+Azsinw2(t—62) +'“+An5inmn(t'6n)’ (16.2)
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then the response of the ear consists of nerve impulses along the
same neural pathways that would be stimulated by the individual
components (Fig. 16.3).

Let us now consider some periodic sound wave p(#) with period
7T (i.e., p(#) =p(t+ 7)) which is not a finite sum of sinusoidal
waves. If we examine the response of the ear to such a periodic
wave, we find that it is the same as the response to some wave which
is the sum of sinusoidal waves. That is, there is some sound wave
q(%) as given by Eq. (16.2) which produces the same response as p(t),
even though p(%) and g(¢) are different functions of time,

We now want to determine the frequencies, amplitudes, and phase
angles of the sinuscidal components of g(+). Since g(t) produces
the same response as the periodic wave p{f), it is reasonable to
expect that g(t) has the same period T as p(¢). This requires that
each sinuscidal term in ¢(%) have period 7. Consequently, the fre-
quencies of the sinusoidal components must be integer multiples of
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the basic¢c frequency 1/T of the p(t)}. That is, the wy, in Eq. (16.2}
must be of the form

wk=2k1T/T, k=1, 2,...

But since the ear cannot perceive sinusoidal waves with frequencies
greater than 20,000 cps, we may omit those values of k for which
wk/2"= k/T is greater than 20,000. Thus, g(#) is of the form

nm

_ .27 .
q(t)-A0+A s:LnT(t—61)+ +Ans1n—-f-(t—6n) (16.3)

1

where n is the largest integer such that »/T is not greater than
20,000,
We now turn our attention to the values of the amplitudes AO’

Al,...,Anand the phase angles §., 8 ...,Gn which appear in Eq.

1* 72
{(12.3). There is some criterion by which the auditory system

"picks" these values so that g(¢) produces the same response as

p(Zf). To examine this criterion, let us set

e(t) =p(¥) - q(£).

If we consider g(¢) as an approximation to p(%), then e(%) is the
error in this approximation; an erior which the ear cannot perceive.
In terms of e(t), the criterion for the determination of the ampli-
tudes and the phase angles is that the quantity

T
J.[e(t) 1%4¢
0

be as small as possible., We cammot go into the physiological rea-
sons for this, but we can remark that this expression is proportion-
al to the acoustic energy of the error wave e(t) over one period.
In other words, it is the energy of the difference between the two
sound waves p(t) and g({¢) which determine whether the ear perceives
any difference between them. If this energy is as small as possible,
then the two waves produce the same sensation of sound.

In general, suppose we want to approximate a function p(¥) by
another function g(¢f) from a certain class. If the criterien of
approximation is the smallness of the integral

T
I[p(t) - q()1 %, (16.4)
0
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then we call g(¢) the least squares approximation to p(t) over the

interval [0, T].

The integral in (16.4) is called the least squares
error, or the mean aguareg error, of the approximation.

This cri-

terion arises quite naturally in a wide variety of engineering and

scientific approximation problems.

Besides the acoustics problem

just discussed, some other examples are

1. Let T(x) be the temperature
distribution in a uniform rod
lying along the x-axis from
x=0 to x=4 (Fig. 16.4).

The thermal energy in the rod
is proportiomal to the inte-
gral

)
j[T(w)]zdr.
0

The closeness of an approxi-
mation q(x) to T{x) can be
judged according to the ther-
mal energy of the difference
of the two temperature dis-
tributions.

T(x)
+ temperature

Figure 16.4

That energy is proportional to

'
j[T(mJ - q(x))%de,

0

which is a least squares
criterion.

2., Let E(t) be a periodic voltage
across a resistor in an elec-
trical circuit. The electri-
cal energy transferred to the
resistor during one period T
is proportional to

E(t)
4 voltage

T
J’[E(t) ]zdt.
0

If g(¢) has the same period as
E(t) and is to be an approxima-
tion to E(t), then the criterion

/\/;
"N\

Figure 16.5
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of closeness might be taken as the energy of the difference
voltage. This is proporticnal to

T
f[E(t) - q(0) )24,
0

which is again a least squares criterion.

3. Let y(x) be the vertical dis- ylx)
placement of a uniform flexi- ‘Pdisplacement
ble string whose equilibrium
position is along the x-axis
from x=0 to x=20. The elas-
tic potential energy of the
string is proportional to

* 2
ﬁy(m)] .
0

If g{x) is to be an approxi-
mation to the displacement, then as before, the energy integral

Figure 16.6

A
J[y () - q(x) ] °de
0

determines a least squares criterion for the closeness of the
approximation.

Least squares approximation is also used in situations where
there is no a priori justification for its use, such as for approx-
imating business cycles, population growth curves, sales curves, and
so forth. It is used in these cases because of its mathematical
simplicity. Imn general, if no other error criterion is immediately
apparent for an approximation problem, the least squares criterion
is the one most often chosen.

In the next section we develop the mathematical theory of the
least squares approximation of a function by a linear combination
of sinusoidal functions.

GENERAL THEORY

Let f(£) be a given continuous function defined over an inter-
val of the ¢-axis. We first consider the case when the interval is
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[0, 2n] and later consider the general case when the interval is [0, 7]
for arbitrary 7. Analogous to Ed. (16.3) with T'=2m, we desire to
approximate f(¢) by a function of the form

g(t) =AO+A151n (t- 61) +A25in 2(¢t - 62) + ces +Ansinn(t - ﬁn)

for some fixed integer n. Since sink(Z- 8z) is expressible as a
linear combination of sinkf and cos kt, we can write g(t) in the al-
ternate form

g(t) = 24 + ¢ cos t+ @,c0s 2t 4 e+ e, cos nt

+d131nt +d251n 2E+ e+ dﬂsmnt . (16.5)

Such a function is called a trigonometric polynomial of order n.
Our problem is to find values of Cor Cpovers e, dl, vy dn such that

g(£) is the least squares approximation to f(%) over the interval
[0, 2r). That is, the coefficients are to be chosen so that the
least squares error

2m
I[f(t) gy 1%t (16.6)
0

is as small as possible.
Since the integral in Eq. (16.6) is a function of the 2n+1 co-

efficients e, Cyse-rs O dl, - dn, it is possible to use calculus

to find the minimum value of the least squares error and the corre-
sponding values of these on+ 1 coefficients. However, an approach
using Linear Algebra will give us greater insight into the nature
of the approximation process. Moreover, the method we discuss can
be applied to many least square problems besides those in this text.
We will need the following three facts:

1. The function Ff(#) we are attempting to approximate
may be viewed as a vector in the vector space ([0, 27]
— the space of all continuous functions on [0, 2],

2. Since the approximating function g(t) is a linear
combination of 1, cos t,..., cosnt, sint,..., sinnt,
we may view g(%) as a vector in the subspace W of
C[0, 2n] spanned by these Zn+ 1 vectors.
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3. Since

2m
r-gll = \/J[i’(t)-g(t)lzdt (16.7)
0

is the distance between f(£) and g(¢) in the norm
generated by the inner product

2n

<u, U> = J’u(t)v(t) dt, (16.8)
0
the least squares error
2m
j[f(t) -g(e)) ar (16.9)
0

represents the square of the distance |[|f-g¢]||.

In light of these remarks, the problem of finding a trigonometric
polynomial g(t) which minimizes the least squares error given by
(16.9) is equivalent to the problem of finding a vector g in the
subspace ¥ which minimizes the distance ||f- g“ . The latter problem
can be solved by use of the following theorem from the theory of
inner product spaces (Fig. 16.7).

THEOREM 16.1 Iet f be a vector in an inner product space

and let ¥ be a finite-dimensional subspace. Then the vec-

tor g in W which minimizes the distance ||f-g|| is proj,, fs

the orthogonal projection of f onto W. If the vectors
Fo» 9120005 Iy

form an ovrthonormal basis for W, then projW f is gvven
by

)
|

projwf = <f, go>go +<f, gl>g1 F oo+ <f, IIm (16.10)
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To apply this theorem, we must first find an orthonormal basis for
the subspace W spanned by the Zn+1 vectors 1, cos £, cos 2t,.. .,

cos nt, sint, sin 2¢,..., sinnt. A direct calculation (see Exercise
16.6) verifies that these 2n+1 vectors are orthogonal relative to
the inner product (16.8). Consequently, we need only divide each
one of these vectors by its length to generate an orthonormal basis
for W. The result is (see Exercise 16.7):

g - L g --l—cost g = 1 cos nt
= » = 3 ree s == ]
0 vm Tl o "o
-isint =L sinnt
g"“‘l-hT seen sy, T = sinnt.

The orthogonal projection of f onto W is then given by (16.10}):

: 1 1 1
proj, [ = <f, 94> +<f, g.> cost+ vee +<f, g >—— cOsnt
¥ Oy MR %

+<f, gn+1>/_1; sint+ s +<f, F9,> {L_ sinnt. (16.11)
m 1T

To simplify our notation, let us define
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2T
1 1
a, = 2<f,g>—— == F(t)dt ,
0 0 /Zn " X
2T
a, = <f, 9> S § F(#)cos kt dt, k=1,2,...,n
vr " '
0
27
_ 1.1 - ]
bk = <f, gn+k>‘/ﬂ__ = j flt)sin kt dt, k=1,2,.0.0,n.
1]

Equation (16.11) can then be written as

i = 1 LA 2N | i LN 1
pro;;wf ay+a, cos t+ +a, cos nt +b151n L+ +bnsm nt.
In summary, we have the following result:

THEOREM 16.2 If f(t) is continuwous on [0, 27], the tri-

gonometric funetion g(t) of the form

=1 ..o 1 'R 1
g(t) %a,+a;cos t+ *+a, cos nt + blsm L+ + bnsm nt

which minimizes the least squares error

2w
I[J"(tl ~g (1%t

o

has coefficients

2T
@, = J. f(#)cos kt dt,
0
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If the original function f(t) is defined over the interval
[0, T] instead of [0, 2r], a change of scale will yield the following
result (see Exercise 16.8):

THEOREM 16.3 If f(t) ie comtinuous on [0, T1, the tri-
gonometrie function g(t) of the form

=L AP 2nn
{t) s +a1cos Tt+ +a, cos =5 t

+hb 51n—‘6+ seet h smz—?,"—f:

which minimizes the least squares érror

T
j[f(t) —g)1%at
0

has coefficients

r

a, f(t)cos Zk“t

dt,

j Feeysi ZkTrt "
0

ExampLE 16.1 Let a sound wave

p(t) have a saw-tooth pattern with
a basic frequency of 5000 cps

(Fig. 16.8). Units have been "
chosen so that the normal atmos-
pheric pressure is at the zero

level, and the maximum amplitude
of the wave is A. The basic per-
-4

iod of the wave is T=1/5000= \
.0002 seconds. From t=0 to £=T,
p(t) has the equation

p(¥) = %(% - ) Figure 16.8
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Theorem 16.3 then yields the following (verify):

(! 2
_2 A =
ay =2 p(t)dtuTJT(z )dt 0,
Jy 0
o T
2 kme L, 2 f2afr KT i k=1, 2,...
a, =% p(E)cos I dt = 7 J T (2 t)cos 7 » s 2s
00 O
o T z
2 . 2kmt 2 | 2afz . 2knt g, 24
bk:hf p()sin = dt=§J'-§,- 5=t ]sin=% dt T
Jo 0 k=1, 2,...

Let us investigate how the sound wave p(f) is perceived by the human
ear. We notice that 4/7= 20,000 cps, so that we need only go up to
k=4 in the above formulas. The least squares approximation to r(t)
is then

1 . dn, 1 . 61, 1 8w
3 T 4 T '

_ 24 . 2m 1 on 1 _. 8n
q(t) -?[51nTt+§51nTt+ sin—-t +=sin £

The four sinusoidal terms have frequencies of 5,000, 106,000, 15,000,
and 20,000 cps, respectively. 1In Fig. 16.9 we have plotted p(Z) and
g{%) over one period. Although ¢(Z) is not a very good point-by-
point approximation to p({), to the ear, both p({) and ¢(%) produce
the same sensation of sound.

Figure 16.9
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As might be expected, the least squares approximation becomes
better as the number of terms in the approximating trigeonometric
polynomial becomes larger. In more advanced courses, it is shown
that the least squares error tends to zero as n approaches infinity.
For a function f(z) defined over the interval [0, 2r], this limiting
approximation is denoted by

F@) = 5a,+ Z (agcos kt + by sinkt) (16.12)
k=1

and is called the Fourier series of f(¢) on the interval [0, 2n].
The equality in this equation denotes an equality between the two
sides of the equation considered as vectors in C[0, 2n]. To be pre-
cise, Eq. (16.12) denotes the fact that the quantity

2n
"

2
[f(t)-lzao- :E:(akCOSkt-rbksinkt)] dt
k=1
0

tends to zero as n approaches infinity. Whether the Fourier series
of f(t) converges to f(t} for each ¢ is another question, and a more
difficult one. For most continuous functions encountered in appli-
cations, the Fourier series does indeed converge to its correspond-
ing function for each value of %.

ExXERCISES

16.1 Find the trigonometric polynomial of order three which is the
least squares approximation to the function f(?¢) = (- n)z over
the interval [0, 27].

16.2 Find the trigonometric polynomial of order four which is the
least squares approximation to the fumction f(%) = t2 over the
interval [0, T].

16.3 Find the trigonometric polynomial of order four which is the
least squares approximation te the function f(#) over the in-
terval [0, 2w] where
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16.4 Find the trigonometric polynomial of arbitrary order n which is
the least squares approximation to the function f(#) =sin L ¢
over the interval [0, 2n].

16.5 Find the trigonometric polynomial of arbitrary order » which
is the least squares approximation to the function F(t) over
the interval [0, 7] where

t 0<t<kT
T =yr_ y ypeper,
16.6 Show that the 2n+ 1 functions

1, cos £, cos 2¢,..., cos nt, sin ¢, sin 2¢,.,., sinnt

are orthogonal over the interval [0, 2] reiative to the inner
product <u, v> defined by Eq. (16.8).

16.7 For the distance formula defined in (16.7), show that
@ {1l =72r
(b) |lcos kt|| = vw for k=1, 2,...
(c) Hsin kt” = /T for k= 1, 2,...

16.8 If f(t) is defined and continuous on the interval [0, T], show
that f(7t/2n) is defined and continuous for T in the interval
[0, 2r]. Use this fact to show how Theorem 16.3 follows from
Theorem 16.2.



