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1 The integral W

Let r1, r2 be non-negative integers and put n = n(r1, r2) = r1 + 2r2. Let a > 0 and define

Wr1,r2(a) :=
∫

ur1+1ur1+2 · · ·ur1+r2du1du2 · · · dur1+r2

where the integral is taken over the region defined by the inequalities ui ≥ 0 and
∑i=r1+r2

i=1 ui ≤ a.

Compute this in three steps:

1. Wr1,r2(a) = an ·Wr1,r2(1) (where n = n(r1, r2)).

2. If r1 > 0, then

Wr1,r2(1) =
∫ ur1=1

ur1=0
Wr1−1,r2(1− ur1)dur1

= Wr1−1,r2(1)
∫ ur1=1

ur1=0
(1− ur1)

n−1dur1

=
1
n

Wr1−1,r2(1) =
1

n(n− 1)
Wr1−2,r2(1) = . . .

=
1

n(n− 1) · · · (n− r2 + 1)
W0,r2(1).

3. (a)

W0,r2(1) =
∫ ur2=1

ur2=0
W0,r2−1(1− ur2)ur2dur2

= W0,r2−1(1)
∫ ur2=1

ur2=0
(1− ur2)

2r2−2ur2dur2
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(b) and since (change of variables 1− u = v)∫ u=1

u=0
(1− u)n−2udu =

∫ v=1

v=0
vn−2(1− v)dv

=
∫ v=1

v=0
vn−2dv −

∫ v=1

v=0
vn−1dv =

1
n(n− 1)

we get

(c)

W0,r2(1) =
1

2r2!
and therefore:

4. (a)

Wr1,r2(1) =
1
n!

(b)

Wr1,r2(a) =
an

n!

2 The volume of E(a)

Here we are working in Rr1 ×Cr2 ' Rn and define

E(a) := {(xi, zj) ∈ Rr1 ×Cr2 |
i=r1∑
i=1

|xi| + 2
j=r2∑
j=1

|zj | ≤ a}.

Then

1. if we put
E+(a) := {(xi, zj) ∈ E(a) | xi ≥ 0(i = 1, 2, . . . , r1)}

we have:

vol(E(a)) = 2r1 · vol(E+(a))

2. and if we make the change of variables {xi; zj} to {u1, u2, . . . , ur1+r2 ; θr1+1, θr1+2, . . . , θr1+r2}
where ui = xi for i = 1, 2, . . . , r1 and 2zj = ur1+jθr1+j for j = 1, 2, . . . , r2, we get that

vol(E(a)) = 2r14−r2(2π)r2Wr1,r2(a)

and so:
vol(E(a)) = 2r14−r2(2π)r2

an

n!
.
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3 Catching integral points of small “funny norm”

Let K,OK , dK be what you think they are1, with n = r1 + 2r2 and let I ⊂ OK be a nonzero ideal,
so that the volume of the lattice I ⊂ OK ⊂ Rr1 ×Cr2 is

vol(I) = 2−r2NId
1
2
K .

Then by Blichfeldt we have a lattice point α ∈ I such that
n∑

i=1

|σi(α)| ≤ a

if the volume of E(a) is ≥ 2n · vol(I).

Defining, then, the number a by the equality:

vol(E(a)) = 2n · vol(I)

we get:

an := n! · ( 4
π

)r2 ·NI · d
1
2
K

as a defining equation for a.

Since

|NQ
K (α)|

1
n ≤ 1

n

n∑
i=1

|σi(α)| ≤ a

n
,

we have that:

|NQ
K (α)| ≤ 1

n

n∑
i=1

|σi(α)| ≤ an

nn
=

n!
nn

(
4
π

)r2NId
1
2
K

and therefore

Theorem 1 1. There is a point α ∈ I of norm

≤ n!
nn

(
4
π

)r2NId
1
2
K .

2. Any ideal class of K has an ideal of norm

≤ n!
nn

(
4
π

)r2d
1
2
K .

3. The absolute value of the discriminant of K is

≥ n2n

(n!)2
(
π

4
)2r2 .

1dK := |discK |
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