Differential Geometry 230ar
Homework 1
Due: Wednesday October 13th

Please attempt all of the problems. But you only need to hand in five of
them, and you’ll receive full credit if you answer all five correctly.

1. Let {(V4,%q)} be a covering of M by C*°-compatible coordinate charts.
Show that the collection U of coordinate charts given by

U={U,o)| (U,e) is C°-compatible with every (V,,1q)}
defines a differentiable structure on M.

2. Consider the unit sphere
S? = {(z, 2%, 23%) e R | (2!)* 4 (222 + (23)? = 1}.
Let N = (0,0,1) and let S = (0,0, —1). Define
Uv = {zeS*|z+#N}
Us = {xeS?|z#8S}
Let ¢n (¢s) be the stereographic projection from N (S) to the z!a?-

plane. Show that the charts (Uy,¢n) and (Usg, ¢s) make S? into a
differentiable manifold.

3. Let M be a smooth n dimensional manifold. Fix a point p in M which
lies in a coordinate chart (U, ¢), where ¢ = (x!,---2™). Recall that
the tangent space to M at p is given by

T,M ={V, : C>(p) — R | V, is a derivation}.
(This means that V}, is a linear operator and satisfies the Leibniz rule.)

Show that every V), in T,M can be written

Vo= SV ol

i=1
for some V; € R.
Recall that (¢~1), is defined by

(0 5)) 7 = galroo™)



4. The rank of a tensor A = AY 8%- ® % at a point x on a manifold is

defined to be the rank of the matrix (A% (z)).

(a) Why is the rank of A independent of the choice of coordinate
system?

(b) Let V =V? aii and W = W* 621- be vectors. Find the rank of the
tensors VW7 and (VW7 + VIW?). Your answers may depend

on the choice of vectors V and W.

5. Let X = X? aii and Y = Y? aii be vector fields on M. Recall that we

define the Lie bracket [X,Y] to be the vector field acting on functions
fe C=(M) by

(X, Y](f) = X(Y(f) = Y(X(f):

Show that in local coordinates the Lie bracket is given by

ozt OxI Ozt OxI

.Y ) J
Xy] = x000 0% 0

6. The Christoffel symbols corresponding to a metric g;; on a manifold
M are given by

1 0 0 0
l kl
Fij = 59 (&Ui gjk + @L(]z‘k — %gij)-

a) Show that the I'l. are not components of a tensor.
ij

(b) Let Fﬁj and féj be the Christoffel symbols corresponding to met-
rics g;; and g,; respectively. Show that

[l Fl Fl
ig — tij T tij
defines a tensor on M.

7. The covariant derivative V.S of a tensor S with components S ig

J1+Js
defined by the formula
\V4 Si1-~~ir _ a Si1~~-i7- +Fi1sli2~~-i,-_}_“._’_FiTSil--'i,,»,ll
kPgjs T gk Dareds T T kIPgds kg1 s
_pl gitie o pl o giteir
FkJ1Slj2~~-js FkJsSjr-qul‘

Using this formula show that

Vigij = 0.



8. Let v : (a,b) — 0 be a geodesic. That is, if v = «(¢) is given in local
coordinates by (z!(t),...,2"(t)) then the x'(t) locally satisfy

d?z* p dzt d?
+ 17 -
dt? Yodt dt

Show that
*d!'\—o
dtfy - )

where || is the speed of «, given in local coordinates by the formula

] =1/ da? dad
=N

9. Show that geodesics are critical points of the length functional

b
L) = [ e,
in the following sense. Suppose for some § > 0, that
vs:(a—0,b+0) — M

is a family of curves with v,(a) = p and v5(b) = ¢ for p and ¢ fixed
points in the same coordinate patch U. Suppose that vq is a geodesic.

Then show that p

—L(vs)]s=0 = 0.
S L(%)ls=0 = 0



