Differential Geometry 230ar
Homework 4
Due: Monday November 22nd

Please attempt all of the problems. But you only need to hand in five of
them, and you’ll receive full credit if you answer all five correctly.

1. Let (M, g) be a compact smooth Riemannian manifold, and let A be
the Laplacian associated to g. Show that

(a) The operator P = gt + A? is parabolic.

(b) The integrals

/ h*dp, and / IVh|[2dug
M M

are bounded along the flow (where dj4 is the usual volume form
associated to ¢g and h is a solution of Ph = 0.)

(Recall the definition of a parabolic operator: Let L be a differential
operator of order 2/ acting on functions on a manifold M. The symbol
orp of L at a point p acts on cotangent vectors § € T, M™* by

orp(§) = L(¢2l)(p),

where ¢ is a function defined in a neighborhood of p satisfying 9;¢ = &;.
We then say that L is strongly elliptic at a point p if there exists ¢ > 0
such that

(=D'orp(€) > cl¢l,
for all cotangent vectors £. We say that an operator P is parabolic if
it is of the form 5

P=—+1
8t+’

where L is strongly elliptic.)

2. Find a holomorphic structure for S? (hint: use stereographic projec-
tion.)



3. Complex projective space CP" is defined to be the quotient
crHt — {0}/ ~,

where we say (Zo,...,Zn) ~ (Z{,...,2),) if and only if there exists
A e C—{0} with Z;, = X\Z] for i = 0,...,n. Write [Z,...,Z,] for
the equivalence class of (Zp,...,Z,) (these are called ‘homogeneous
coordinates’). Show that CP" is a complex manifold with coordinate
charts (U, ¢o) for « = 1,...,n given by

Ua ={[Z0,...,2Zn) | Za # 0}

and

ZO Zoc—l Z()c+1 Zn
o(Zor o Za) = (22, , L2
ullln . Z2) = (P Dot T L 2

4. Show that S? has exactly 3 linearly independent holomorphic vector
fields.

5. Let QP be the space of p-forms at a point on a Riemannian manifold
M. Define a map d : QP — QP*! by

1 0 ~
da = B — . 1pda:j Adztt A - A da,
pl Ox
where «;,..;, is skew symmetric in 41, ...,y and « is the p-form given
by
1 ) )
o= =i dx't N ANdz'P.
p! Y

(a) Show that d is well-defined (independent of coordinate chart).
(b) Show that d? = 0.

6. Consider CP" with the charts given as in Problem 3. In each coordi-
nate chart U, define

0 0 "
a— _~_ _~ Jog(1 k|2
gzg 823 82‘2! Og( + ; |Za| )

where the z!,... 2" denote the coordinates for the patch U,. Show
that the g are the components of a Kahler metric on CP"™. This is

called the Fub1n1 Study metric.




. Let M be a complex manifold and let N C M be a complex submani-
fold. Let w be a Kéhler form on M and let ¢ : N — M be the inclusion
map. Show that t*w on N is a Kéahler form on N.

. We define the curvature tensor of a Kahler metric 9;7 by
k
R 57 = —0i059pq + 9" 019,1059kg-
Show that
[Vz‘vvj} Yr = _gapquﬁwp
[V“ VE} V* = —g" Rygzy!
[Vzw V;} Us = 97 R 5507
. Show that the Fubini-Study metric of Problem 6 is a Kéahler-Einstein
metric. That is, the Ricci curvature of the metric satisfies
Rz = Agi5,

for some A € R. You must find .



