
Differential Geometry 230ar

Homework 5

Due: Monday December 13

Please attempt all of the problems. But you only need to hand in five of
them, and you’ll receive full credit if you answer all five correctly.

1. Recall that the line bundle H l (for l ∈ Z) is the line bundle on CPn

given by the transition functions

tαβ =
(
Zβ

Zα

)l

, on Uα ∩ Uβ

(see Homework 4, problem 3 for notation). When l = 1 we callH1 = H
the hyperplane bundle. Recall that a line bundle L is positive if the
cohomology class c1(L) is positive (i.e. can be represented by a real
positive (1,1) form). Show that H > 0 and H−1 < 0.

2. Let f be a homogeneous polynomial of degree d in the n+ 2 variables
Z0, . . . , Zn+1. Assume that f satisfies the condition

∩n+1
i=0 {Z ∈ Cn+2 | ∂f

∂Zi
(Z) = 0} = {0, 0, . . . , 0}.

Let Mf be the n-dimensional complex submanifold of CPn+1 given by

Mf = {z ∈ CPn+1 | f(z) = 0}.

Show that
c1(Mf ) =

(n+ 2− d)
π

[ωFS ],

where ωFS is the Kähler form of the Fubini-Study metric as described
in Homework 4, problem 6.

3. Let gij be a Kähler metric on a complex manifold M with complex

coordinates zi = xi +
√
−1xn+i. Let ω =

√
−1
2 gijdz

i ∧ dzj be the
Kähler form of g. Show that

ωn

n!
= det (gij) dx

1 ∧ dx2 ∧ · · · ∧ dx2n.

1



4. Stokes’ Theorem on a compact manifold of (real) dimension 2n states
that if ψ is a (2n− 1)-form then∫

M
dψ = 0.

Use this to prove the ‘Divergence Theorem’ on a compact Kähler mani-
fold (M,ω): namely, for any smooth vector field of the typeX = Xi ∂

∂zi ,
show that ∫

M
∇iX

iω
n

n!
= 0.

5. Show that we can always find a local normal coordinate system for
a Kähler metric gij . That is, at any point p, there exists a holomor-
phic coordinate system {wi} with wi(p) = 0 so that gij(0) = δij and
∂gij

∂wk (0) = 0.

(Hint: as in the real case, you can consider the change of coordinates
zk = wk − 1

2Γk
pq(0)wpwq.)

6. Recall that if gij is a Kähler metric, we can define a Riemannian metric
gR by

gR = gijdz
i ⊗ dzj + gjidz

i ⊗ dzj ,

using dzi = dxi +
√
−1 dxn+i and dzi = dxi −

√
−1 dxn+i. Show

(a)
√

det (gR)kl = 2n det (gij)

(b)
2n∑

k,l=1

gkl
R∇k∇lf = 2

n∑
i,j=1

gji∂i∂jf , for any smooth function f , where

∇ is the Levi-Civita connection associated to gR.

7. Let ω and ω′ be two Kähler metrics in the same Kähler class. Show
that ∫

M

ωn

n!
=

∫
M

ω′n

n!
.

8. Let M be a Riemann surface (dimCM = 1) with a Kähler metric gij .
Consider the unnormalized Kähler-Ricci flow

∂

∂t
g′
ij

= −R′
ij
,
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where the Kähler metric g′
ij

is varying in time with g′ = g at t = 0.

As usual, we write ω′ =
√
−1
2 g′

ij
dzi ∧ dzj . Define the volume V = V (t)

of the evolving metric by

V (t) =
∫

M
ω′.

You may assume that the unnormalized Kähler-Ricci flow exists as
long as V (t) is positive (this is true, by the way). The behavior of
the flow depends on the genus (the number of holes) of the underlying
topological space of M :

(a) Suppose M has genus 0 (a sphere). Show that V (t) shrinks to 0 in
a finite time. What is that time (in terms of the initial volume)?

(b) Suppose M has genus 1 (a torus). What happens to the volume?
What if the genus is greater than 1?

You will need to use the Gauss-Bonnet Theorem, which states that∫
M
Rω = 2π(2− 2g(M)),

where ω is any Kähler form on M , R is the associated scalar curvature,
and g(M) is the genus of M .
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