MATH 23A SOLUTION SET 4

MATTHEW G. LEE

1. Let {w1,ws,...,w;} € L be a basis for L, and {v1,va,...,v,} be a basis for
M.
Claim: {(w1,0), (w2,0),..., (w,0),(0,v1), (0,v2),...,(0,vm)} is a basis for
Lo M.
Proof: We will first prove that {(wy,0), (w2,0), ..., (w;,0),(0,v1),(0,v2),...,(0,vm)}
spans L & M. Any element w of L can be written as ciw; + --- + ¢y for
some cy,...,¢ € R. Any element v of M can be written as dyvy + - - - + d U,
for some dy, . ..,d, € R. So any element (w,v) of L & M can be written as

(crwr + -+ -+ qui,divs + - - + dpvr,)

= c1(w1,0) + -+ ¢(wi,0) + di (0,01) + - -+ + d (0, 01)
for Cly--- )cl7d17 .- Jdm € R So {(11]1,0), ('11]270), LR} (’ll]l,O), (071}1)7 (0,’1)2), RN (O)UTH)}
spans L & M.
Next we will prove that {(w;, 0), (w2,0), ..., (w;,0), (0,v1),(0,v2),...,(0,vn)}
is linearly independent. Suppose
c1(wi,0) + -+ + ¢(w, 0) + di (0,v1) + - - - + d (0,v1,) = (0,0)
for some cy,...,¢,dy,...,d, € R. Then
cawi +---+quw =0.
Since the w; are linearly independent,
ClL =+"=(C = 0
Also,
divi +---+dpvy, =0
Since the v; are linearly independent,
d=--=d,=0
Since
cl=-=¢=dy = =dp=0,
{(w1,0), (w2,0),..., (w;0),(0,v1),(0,v2),...,(0,vy)}is linearly independent.
Since it spans L & M and is linearly independent,
{(w17 0)7 (w2> 0)7 LN (wh 0)7 (07 ’1)1), (07U2)7 LR (07 Um)}

is a basis for L & M.
2. (a) Let l1,lo € L,mi,ms € M,a € R Then

F((ll,ml) -+ (l2,m2)) = F(ll + l2,m1 +m2)
=l +1lh+m+ma

= F(ll,ml) + F(lQ,mz).
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Also,
F(a(li,m1)) = F(aly,am,)

=aly + amq
= a(h + m1)
= a(F(l1,m1)).

We need to show that F'is an isomorphism if and only if we can decompose
any vector v € V into a unique sum v = + m for some l € L,m € M.
Suppose F' is an isomorphism. Let v be an arbitrary element of V. Since
F is surjective, there exists (I,m) € L @ M such that F(I,m) = v. So
l+m=nv.

Now we will prove that this decomposition is unique. Suppose that for
some ly,ly € L and my,ma € M,l1+mq =v = la+msa. Then F(l;,my) =
v = F(l3,m2). Because F is injective, we must have (I;,mq) = (l2,m2),
and so l; = ls and m1 = m».

Conversely, suppose we can decompose any vector v € V into a unique
sum v = [+m for somel € L,m € M. Then there exists a unique ordered
pair (I,m),l € Lym € M, such that v =1+ m. Since [ + m = F(l,m) for
all ] € L and m € M, there exists a unique ordered pair (I,m) € L& M
such that F'(l,m) = v.

Suppose that F is an isomorphism of vector spaces. Then ker F' = {0}
and Img F' = V. By the Rank-Nullity Theorem,

dimV = 0 + dim(L & M).

So dim(V)= dim(L & M) = dim(L) + dim (M).

Suppose, for the sake of contradiction, that L N M # {0}. Then there
exists x such that £ € L and x € M. Since M is a vector space, —z € M.
So F(z,—z) = 0 = F(0,0). So F is not one-to-one, so F is not an
isomorphism. From this contradiction we can conclude that LNM = {0}.
Conversely, suppose dim(V) = dim(L) + dim (M) and LN M = {0}.
Suppose F(ly,m1) = F(la,ms) for ly,lo € L and my,ms € M. Then
li+my =ls+mo, 50l —1ly = me—my € LNM. Soli—=Il, =0= mi—ms,
and therefore I; = Iy and m; = ms, so (I1,m1) = (l2,m2) and F is one-
to-one.

Since F' is one-to-one, ker F' = {0} and dim(ker F) = 0. So, by the
Rank-Nullity Theorem and using the result of Problem 1, dim(Img F') =
dim(L @ M) = dim(L) + dim (M) = dim(V). So any basis for Img F is
a set of dim (V') linearly independent vectors in V' and thus a basis for V.
So Img F =V and F is onto. Since we know that F' is linear from part
(a), F is an isomorphism.

Let F,G € V =Hom(L,M) and ¢ € R. Define +: V xV — V by
(F 4+ G)(w) = F(w) + G(w) for all w € W. Define -: RxV — V by
(cR)(w) = ¢(R(w)) for all w € W.

We will now verify that, with these operations as vector addition and
scalar multiplication, Hom (L, M) is a vector space. Hom(L, M) is closed
under vector addition and scalar multiplication by our definition of the do-
main and range of these functions. We then need to verify that Hom(L, M)
satisfies the eight axioms of a vector space given in Hubbard & Hubbard,
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p- 189. I will verify the first one, and you should be able to verify the
rest similarly.

(1) Additive identity. Define Z € Hom(L, M) to be the function such that
Z(w) =0 for all w € W. Then, for any F in Hom(L, M), (Z + F)(w) =
Z(w) + F(w) =0+ F(w) = F(w),so Z+ F =F.

To show that the map A: Hom(L, M) — Mat(l,m) is an isomorphism,
we need to check that it is linear, that it is onto, and that it is one-
to-one. Please note that A is not what we normally think of as the
matrix associated with a linear transformation. Each element A(F); ;
is the coefficient ¢; when we express F'(w;) as the linear combination
c1v1 + cavy + -+ - + vy A(F) is actually the transpose of the m-by-I
matrix we normally think of as associated with the linear transformation
F.

Proof of linearity:

A(F +G)ij =V ((F + G)(w;))
= v/ (F(w;) + G(w;)
=/ (F(w;)) + v/ (G(w;))
= A(F)i; + A(G)i
So A(F +G) = A(F) + A(G).

A(cF);; = v ((cF)w)

= v (c(F(wi)))

= cv? (F(w;))

=c(A (F)’L,])
So A(cF) = cA(F).
Proof that A is onto: Let B € Mat(l,m). To define a linear map, it is
sufficient to define its values on a basis. So we define F': L — M by
F(w;) = 370, bijvj. Then A(F); = o7 (F(w;)) = v/ (307, bijvs) =
bij. So A(F) = B. So F is onto.
Proof that A is one-to-one: It suffices to show that ker A = {0}. Suppose
that F' €kerA. Then A(F) = 0. So, forall1 <i<land1l < j<m,
vI(F(w;)) = 0. Since vy,...,v,, is a basis for M, for all i we can write
F(w;) = ¢i,1v1 + ... Ci,mVm. Then, for all i and j, 0 = v/(F(w;)) = ¢ ;.
So, for all i, F(w;) = 0. Since the value of F at each basis vector is 0,
F(w)=0for all w e W and F = 0. So ker A = {0}, so A is one-to-one.
So A is an isomorphism.
Using the Rank-Nullity Theorem on A,

dim(Hom(L, M))=dim(ker A)+dim(Img A).
Since A is an isomorphism,
dim(Hom(L, M))=0+dim(Mat(l, m))=lm=dim(L)dim(M).

For this part, we need to show that for any linear map F': L — M and
linear functional A € M*, and for any vectors v;,vy € L and scalar ¢ € R,

F*(N) (01 +v2) = F* (M) (1) + F7 (M) (v2)
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and
F*(AN)(cv1) = cF*(A)(v1).
We have
F* (/\)('1}1 + '1}2) = /\(F(’Ul + 1)2))
= ANF(v1) + F(v2))
= MF(v1)) + A(F(v2))
= F*(N)(v1) + F*(A)(v2).
Also,
F*(A)(cv1) = A(F(cvr))
= AcF(v1))
= cA(F(v1))
= cF*(\)(v1)-
For this part, we need to show that for any linear map F': L — M and
linear functionals A1 and Ay € M*, and for any scalar ¢ € R,

F* O+ X2) = F*(\) + F*()

and
F*(C)\l) = CF*()\l)

Note that we are comparing functions in L*. To show that two functions
in L* are equal, it suffices to show that at all v € L, the two functions
evaluate to the same value.

Let v € L. Then

F* (A1 4+ A2)(v) = (A1 + A2)(F(v)),
which by definition of addition in M* is equal to
AL(F(v)) + A2(F(v))
= F*(M)(v) + F*(A2)(v).
So F*(A1 + X2) = F*(\1) + F*(Az). Also,

F*(cA1)(v) = (eA1)(F(v))

= chi(F(v))

= cF*(A1)(v).
So F*(cA\1) = ¢F*(\1). So the map F*: M* — L* is linear.
The solution to this problem is very short, but many of you who attended
my office hours were confused with by the notation. One must be careful
to apply the definition of A very carefully in writing out A(F™*). A(F);,;
is defined to be v?(F(w;)), where v/ is the j-th vector in the dual basis
of the range, and w; is the i-th vector in the basis of the domain. Since
F*: M* — L*, the j-th vector in the dual basis of the range of F™* is
actually the basis vector dual to w’. This turns out to be the element of
L** representing evaluation at w;. And the i-th vector in the basis of the

domain is the element v¢ of M*. So we have A(F*); ; = the evaluation at
w; of F*(vi) = F*(vi)(w;) = vi(F(w;)) = A(F);,1. So A(F*) = AT(F).
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5. (a) To show that A1, A2, A3 form a basis for Py, it suffices to show that these
three vectors are linearly independent. This is because dim(P})=dim(P,)=3,
and any three vectors in a space of dimension three are linearly indepen-
dent.

Suppose
a1 A1 + ashs +azr3 =0
for a; = ay = az € R. Then, for all p(z) = ¢y + 17 + cox?, we must have

a1 (p(2)) + a2A2(p(2)) + azAs(p(z)) = 0.
By the definition of the A;,
a1p(1) + azp(2) + asp(3) = 0.
So
a1(co + ¢1 + ¢2) + az(co + 2¢1 + 4c¢a) + ag(co + 31 + 9e2) = 0.
So
(a1 + a2 + az)co + (a1 + 2a2 + 3az)c1 + (a1 + 4az + 9az)cz = 0.
Since this equation has to hold for all values of the ¢;, we must have
a1 +as+az =0,

a; + 2as + 3as =0,

ay + 4as + 9a3 = 0.
The only solutions to this system of equations are a; = a2 = ag = 0. So
A1, A2, Ag are linearly independent and hence a basis for Py.

(b) We are now asked to find the dual basis Af,1 < i < 3, of the space

(Py)* = Py.
First, a review of fundamental concepts:
An element p of P, is a polynomial in z of degree < 2.
An element A of Pj is a linear functional on P>. We showed above that
all elements of P can be written as a linear combination of ”evaluation
at 1,” ”evaluation at 2,” and ”evaluation at 3.”
An element A* of P5* is a linear functional on P;. Any element of P;*
can be expressed as evaluation at a polynomial member of P, and in this
way we can identify Py* with P.
Now the search is on:
The dual basis A} of A\; must satisfy the condition Af(A;) =1 for i = j
and Af(A;) = 0 for ¢ # j.
We will now look for polynomials p1, p2, and ps such that evaluation at
p; satisfies the condition for A¥. So we need A;(p;) = 1 for ¢ = j and
Aj(pi) =0 for i # j.
Notice that these are exactly the same equations that we would have if
we started out trying to solve for the basis pi,ps,ps of P> that the );
are the dual of. In general, the dual of the dual of a basis consists of the
linear functionals representing evaluation at the original basis vectors.
I will solve for p;, and the other solutions are similar. We need a polyno-
mial of degree < 2 such that p;(1) = 1,p1(2) = 0,p1(3) = 0. One could
write out these equations in terms of the coefficients of p; and solve three
equations in three unknowns. Or simply note that since 2 and 3 are roots
of p1, £ — 2 and = — 3 must be factors of p;. And to get p1(1) = 1, we



MATTHEW G. LEE

let p; = 7((’;:;;5?:3)) = 12? — 32 + 3. Similarly, p, = —z* + 42 — 3 and
p3 = %12 - %:c + 1. And each A} is the function representing evaluation

at the respective p;.



