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1 Show that for any 3 x 3 matrix B such
0
that AB = BA we can find ¢y, ¢, co € R such that

B =cyld+ 1A+ c A?

1. a)Let A =

o o O
oSO =

Proof. If you write the matrix elements of matricies AB and BA
you find that AB = BA iff there exists a sequence ¢, 0 < k£ < 2 such
that b;; = 0 for 2 > j and b;; = ¢;; for ¢« < j. Then it is easy to see
that

B = C()Id + ClA + CQA2

b)Generalize the statement [and IF possible the proof] to the case of
n X n matricies.

Let A = (a;;) be an n x n matrix such that ¢;; =1if j —i =1 and
a;; = 0 otherwise. Let B be an n X n matrix such that AB = BA.
Then there exists a sequence ¢, 0 < k < n — 1 such that

B= Z CiAi
0<i<n—1
Proof. If you write the matrix elements of matricies AB and BA you
find that AB = BA iff there exists a sequence ¢, 0 < k < n — 1 such
that b;; = 0 for « > j and b;; = ¢;_; for 7 < j. Then it is easy to see

that
B = Z CZ'Ai

0<i<n—1

2.Let V be the set of sequences v = (v,),1 < n < oo such that
Unta = Upy1 + Vn, 1 < n < 0co. We define the operations of addition
and the scalar multiplication on V' by

v+ 0" =0,0:= (v, +v!),1 <n<oofor v = (v)),v" = (v

et = (cv,),1 <n < oo for o = (vy,)

a) Show that V is a finite-dimensional vector space and find it’s
dimension.

I’ll leave for you to check the axioms.

Here are two ways to find the dimension of V.

Consider the map R : V — R? given by R(?) := (vi,v2). One
can easily see that R is an isomorphism of vector spaces. Therefore
dim(V) = 2.

Another proof. Let o' = (v]) € V the sequence such that v} =
Lvh = 0,[vy =v] +v5=1,..] and " = (v])) € V the sequence such
that v{ = 0,v5 = 1. It is easy to see that B := (¢,0") is a basis of V.
So dim(V') = 2.
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b) For any sequence o = (v,) € V we denote by 70 the sequence
To := w where W = (wy,),1 <n < 00, Wy, := Vpi1-

Show that for any v € V we have Tv € V,

that the operator 7' : V' — V is linear and

write a matrix AZ for T in a basis B of V [ choose one].

I'll leave for you to check that 7' is linear. It is clear that Tv' =
" Tv" = v + 9". So the operator T in the basis B is given by the

matrix
0 1

11

3.Let V be a vector space of dimension 5, V', V" C V subspaces such
that dimV' = dimV' = 3. Show that V' NV" # {0}.

Proof. We assume that V'NV"” = {0} and show that this assumption
leads to a contrudiction.

Let (€], €, e3) be a basis of V' and (e, €}, €) be a basis of V".

Claim. If V' N V" = {0} then 6 vectors (e},e), e}, €}, e, e}) are
linearly independent.

Proof of the claim. Let (¢}, c, 4, cf,c5,c5) € R be numbers such
that cje| + chel + chel + el + cel + cey = 0. Then

cie] + cyey + cyes = —[clel + cely + czel

. But the right side belongs to V' and the left side side belongs to V”.
Since V' N V" = {0} we see that c€| + cheh + chey = —[c[e] + cesel +
cehel] = 0. Since (€], €5, €}) is a basis of V' and (e, €5, €%) is a basis
of V" we see that (¢, c,, s, ¢, c5,¢5) = (0,0,0,0,0,0). We see that
(e}, ¢€h, €5, €, ey, el) are linearly independent.

Since dimV = 5 we know that one can not find 6 linearly independent

vectors in V. The contrudiction. So our assumption that V'NV" = {0}
was wrong and V' NV" # {0}.

4. Let S' := {(z,y) € R?|2? + y* = 1}.

a) Show that the set S' C R? is compact. Proof one easily checks
that S! is bounded and that the complement R? — S! is open. So S*
is bounded and closed and therefore compact.

b) Show that S! is connected [ that is show that for any closed subset
X of S! such that the set S' — X is closed we either have X = () or
X =ShL

Consider the map f : R — S! given by

6 — (cos(f),sin(h)),0 € R

It is easy to see that f is continuous. Therefore for any closed subset
Y C S? the preimage f~!(Y) C R is also closed.
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Let X be a closed subset X of S! such that the set S' — X is also
closed, Z := f~}(X) CR Then R— Z = f~1(S! — X). Since X and
St — X are closed we see that Z and R — Z are also closed. But we

know [ a mid-term exam]| that this is possible only if either Z = ) or
Z =TR. But in this case either have X = @ or X = S

5. Let f be a function on R, f(x) := Sﬁ(ij)

Find whether f is a uniformely continuous function on R [and give
a proof to justify the conclusion].

Here are two ways to prove that f is a uniformely continuous.

The first proof. You check that the derivative f'(x) is bounded. That
is there exists C' > 0 such that |f'(z)| < C for all z € R.

Now we prove that f is a uniformely continuous. For this we have
to show that for any e > there esists 6 > 0 such that for all x,y €
R, |z —y| < § we have |f(x) — f(y)| <e.

Take § = ¢/C. By the MVT for any z,y € R there exists z € R such
that f(z)— f(y) = f'(2)(x—vy). Since |f'(2)| < C for all z € R we have
|f(z)—f(y)| < Clz—y|. Soif |[x—y| < 6 we have |f(z)—f(y)| < Cd =e.

The second proof. We check that f(z) — 0 for |z| — oc.

Now we prove that f is a uniformely continuous. For this we have
to show that for any e > there esists 6 > 0 such that for all x,y €
R, |z —y| <& we have |f(z) — f(y)| <e.

Since f(z) — 0 for |z| — oo we can find N > 1 such that | f(2)| < €/2
for |z] > N — 1. Now the interval [—N, N] is compact. Since f is con-
tinuous it’s restriction to the interval [— N, N] is uniformely continuous.
Therefore we can find § > 0 such that for all z,y € [-N, N|, [z —y| < 0
we have |f(z) — f(y)| < e. We can assume that § < 1.

Now I claim that for all z,y € R, |z—y| < ¢ we have |f(z)—f(y)| <.
Really, since |z —y| < 6 < 1 either z,y € [-N,N] or |z| > N — 1 and
ly| > N —1.

In the first case [ by the definition of §] we have |f(z) — f(y)| <e.

In the second case we have |f(x)| < ¢/2 and |f(y)| < €/2 and there-

fore |f(z) — f(y)| <e.

6. Let V,, be the space of polynomials p(z) such that degree p < n.
Consider a function F' : Vjg — Vyg given by F(p) := p*.

a) Show that the function F is differentiable at all p € V where
V.= Vvl().

and

b) Find Dg(p) : Vig — Vi for p(z) = 1.

Proof. Let W := V. For any p € V,, we have F(p+ h) — F(p) =
2hp + h%. Define Lp : V. — W by Lp(h) := 2ph. Tt is clear that Lp
is a linear map and |F(p + h) — F(p) — Lp(h)|/|h| = |h|?/|h| — 0 for
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|h| — 0. So the function F is differentiable at all p € V' and the linear
map Dp(p) : Vig — Vi is given by Dr(p)(h) = 2ph.

c)Show that all partial derivatives of F' of order 3 are equal to 0.

If you write F' in coordinates F' = (F;,0 < ¢ < 20), F; = F;(z;),0 <
7 < 10 you will see that all the functions F' — ¢ are quandratic poly-
nomials. Therefore all partial derivatives of F' of order 3 are equal to
0.

7. Let f be a function on R — {—1} given by f(z) := In(1 + z) and
let p(1)(7) == > o<icn f(z;(l) (z —1)" be the Taylor polynomial for f at
the point 1. -

Show that [p'(1)(0)] < 1/2".

Proof. We first show that the Taylor series p} (1)(z) := > 1<;c00 w(ac—

1) is convergent for x = 0. For this we have to show that R,(0) — 0
for n — oo where R,(z) is the remainder. By the formula for the

remainder [see p.182] we have R,(0) = f(g:i)(,c) (c — 1)V for some
¢,0 < ¢ < 1. By induction you can show that
fin+1)(c)
(n+1)!
. So R,(0) — 0 for n — oc.
We have f(0) =In(1) = 0 and therefore

(%) .
R0) = O-r@) = Y T ay= S e )

n+1<i<o0 n<i<oo

— (—1)”(1 + C)—(n+1)/(n+1)’n >0

Now it is easy to show that |R,(0)| < 1/2"

8. Let u(z, y) be a differentiable function on R? such that u(z,z%) =
1 for all z € R. Suppose that du/0z(2,4) = 1. Find 0u/0y(2,4).

Let f(z) := u(z,z?). Compute df/0z in two ways. First of all
f(z) = 1. So df/dx = 0. On the other hand we can apply the chain
rule. Then we obtain

0f/0z(a) = Ou/0x(a, a*) + 2a0u/dy(a, a?)

In particular 0f/0z(2) = Ou/0x(2,4) + 40u/0y(2,4). So 0 = 1 +
40u/0y(2,4). Or 0u/dy(2,4) = —1/4

9. a)Let B : R?2 x R?> — R be an antisymmetric bilinear form B such
that B is not identically zero. [ That is there exists a pair (v, w) of
vectors in R? such that B(%,w) # 0]. Show that there exists a basis
f1, f2 such that B(f1, f2) = 1.
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Let (,w) be vectors in R? such that B(v,w) = r # 0. Take f; :=
U, fo :=w/r. Then B(fi, f2) = 1.

Claim. (fi, f2) are linearly independent.

Proof. Suppose that there exist a;, as € R such that a; f; +asfo = 0.
Then we have 0 = B((_], fl) = B(a1f1 + agfz,fl) = —Q9. So o = 0.
Analogously one shows that a; = 0. Claim is proved.

remark. Since dimR? = 2 the linear independence of (fi, fo) implies
that (f1, f2) is a basis of R?.

b)Let B : R® x R*® — R be an antisymmetric bilinear form B such
that B is not identically zero. Show that there exists a basis fi, fa, f3
in R® such that B(f1, f2) = 1, B(f, f3) = 0 for all f € R?

As before we can find fi, fo € R® such that B(fi, f2) = 1. Con-
sider now a pair of linear equations on v € R® given by B(fi,v) =
0, B(fs,v) = 0. Since dimR?® = 3 > 2 this system of equations have a
nonzero solution v # 0.

Claim. v is not a linear combination of fi, f.

Proof of Claim. Assume that v = a; f; + asfo. Then B((f1,v) = a1
and B((f2,v) = a2 So a1 = az = 0. But by the construction v # 0.

Since v is not a linear combination of fi, fo and [ as we have seen
before| fi, fo are linearly independent three vectors fi, fo,v € R? are
linearly independent (?). Since dim(R®) = 3 we see that (fi, f2,v) is a
basis of R3.

By the construction B(fi,v) = 0, B(fs,v) = 0. since B is antilinear
we have B(v,v) = 0. Therefore (?) B(f,v) =0 for all f € R® and we
can take f3 = v.



