1. a)Prove that wy is a nondecreasing function on (0, 00).

If 0’ < ¢ then for any pair ¢, ¢ such that ||c — ||y < 6" we have
llc = ||y < 6. Therefore sup|f(c) — f(c)], e, € C,|le={lv <" <
sup|f(c) = f(d)],c,d € C,llc={||v <6 So wp(d) < wy(9).

b)Show that f is uniformely continuous iff [if and only if]

S, (9)=0

By the definition, a function f is uniformely continuous iff for any
€ > 0 there exists 6 > 0 such that for any ¢,¢’ € C,||lc— ||y < § we
have |f(c) — f(d)| <e.

Assume that lims_,o+ ws(6) = 0 and show that f is uniformely con-
tinuous . Choose any € > 0. Since lims_,o+ ws(d) = 0 we can find § > 0
such that w(d) < e. Therefore for any ¢, € C, ||c — ||y < 6 we have
|f(c) = f(d')] < € and we see that f is uniformely continuous.

Conversely, assume that f is uniformely continuous. To show that
lims_,o+ wy(0) = 0 it is suffiicient to show that for any ¢ > 0 there
exists 6 > 0 such that such w(¢') < e for ¢’ < 6. By the definition
of the uniformely continuity there exists 6 > 0 such that such for any
¢, d € Cy|le—{|ly < & we have |f(c) — f(¢')] < e. But this implies
that ws(d) < e. Since , by a), the function w;(d) is nondecreasing we
see that wy(d’) < € for ¢’ < 4.

¢)Check whether the function sin(z?) on R is uniformely continuous.

Choose € = 1. It is easy to see that for any d > 0 there exists a
positive integer n such that xe, 1 — T2,_1 < § where z,, := \/nw. On
the other hand sin(23,,,) — sin(z3,_,) > 1. Therefore the function
sin(z?) on R is not uniformely continuous.

For the simplicity I'll restate the problem 2 in a slightely different
form. Let f: C' — R a continuous function. Fix ¢ > 0. For any ¢ € C
we define I. C (0, 1) the set of all numbers z such that V¢, ¢’ € C such
that ||c — ||v, |lc — ¢"|lvy < z we have |f(c") — f(¢')| < e. We define a
function § on C by d(c) := lub(l.).

2. Prove that the function § on C' is continuous and d(c) > 0Vc € C.

Proof. The positivity of the function  follows immediately from the
contnuity of the function f.

We will actually prove that the function § on C' is uniformely continu-
ous. More precisely we show that for any v > 0 we have |§(c)—d(d)| < v
for any ¢,d € C,||lc—d|ly < v/2. In other words we have show that
d(c) < §(d) + v and that 6(d) < 6(c) + v for any ¢,d € C,|c—d||v <
v/2. Of course, it is sufficient to prove the first inequality 6(d) <
d(c) + v. It is clear that By(d(c) — v) C B.(d(c)). Since, by the defi-
nition of §(c), we have |f(c") — f()| < V¢, " € B.(6(c)) we see that
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|f(c") = f(d)] < Ve, " € By(d(c) — v). Therefore §(d) > d(c) — v. So
d(c) < d(d) + v.

Given a function f on R we say that f is infinitely differentiable if f
is n-times differentiable for any n > 0. In this case for any a € R we
can define the Taylor series

P(a,z) := ZCn(a: —a)", ¢, == f™(a)/n!

n>0

. We define by I, C [0,00) as the set of numbers r > 0 such that
cpr™ — 0 for n — oo and write 7¢(a) = lub(l,). [It could be that
r¢(a) = o0

a)Show that the Taylor series Pf(a, ) is convergent for any x € R
such that |z — a| < rf(a).

We have to show that for any z € R such that |z — a| < rf(a)
the series Y (2 — a)™ is convergent. For simplicity of writing we
assume that > a. Choose any yR such that z < y < a+r(a). Since
y < a+ry(a) we see from the definition of 7;(a) that lim, . c,(y —
a)” = 0. In particular there exists a number C' > 0 such that |¢,(y —
a)"| < C forall n > 0. Therefore |¢,(z — a)"| < C(z — a)"/(y — a)"
and the Taylor series Pf(a, ) is majorated by a convergent geometric
series. Therefore the Taylor series Pf(a, ) is convergent.

b)Find the Taylor series Py(a,z) for f = 1/(z* + 1) and compute
ri(a).

By the definition we have to find coefficients ¢, := f™(a)/n!. The
easiest way to find the derivatives f™(a) is to use the decomposition

f(x) =14/2[1/(x +1) — 1/(x —1)] where 7> = 1. Then one finds that
f™(z) = (-1)"nli/2[1/(z + i)™ — 1/(z — i)"] and

en = (=1)"i/2[1/(a +1)" = 1/(a—i)"] = (=1)" 2, (=1)*(3,)-

Another way to get a formula for P;(a,z) is to compute f™(a)/n!
for small n by direct computations, to make a guess for (™ (a)/n! for
arbitrary n and then to prove the guess by induction.

EXTRA CREDIT. Explain the result.

Since the function 1/(z? + 1) is not defined at * = +i we have
< r¢(a) = va? + 1 = the distance from a to i.

c)Let f be function f on R such that f(z) =02 < 0 and f(z) =
exp(—1/z) for x > 0. Prove that f is infinitely differentiable and find
Pf (0, l‘)

Proof. We start with the following result.

Lemma’. For any n < 0 we have lim,_,o+ 27" exp(—1/x) = 0.



Proof of the Lemma. It is clear that

Jim 27" exp(—1/2) = lim y" exp(—y)
and one can find this limit using the L’Hopital’s rule.

Next one proves the following result.

Lemma”. For any n < 0 there exists a polynomial P,(t) of degree n
such that exp(—1/2)™ = P,(1/z)exp(—1/z).

Proof of Lemma. Induction in n.

Now the part c) follows immediately from these Lemmas. In this
case we have Pr(0,z) = 0.

d) Show that there exists an infinitely differentiable function F' on
R such that 0 < F(z) < 1,F(z) = 0 for || > 1 and F(z) = 1 for
|z| < 1/2. I think that this problem was too difficult. I should ask you
first to construct an infinitely differentiable function g on R such that
0<g(z) <1,9(z) =0 for || > 1 and g(z) > 0 for |z| < 1. In this
case we can simply take g(z) := f(z+1)f(1 —x) where f is the fuction
from the part c).

To construct a function F'(z) satisfies the conditions of d) we define
a := minjz<i/29(x). Then a > 0 and therefore f(a) > 0. Consider now
the function F(z) := 1 — f(a — g(x))/f(a). It is easy to check that
F(z) satisfies the conditions of d)

4. Let f(z), g(z) be differentiable functions on R such that g(z) —
+oo for £ — 400 and such that there exists the limit lim,_, , o, f'(z)/g'(x).
Show that in this case the limit lim,_,, f(z)/g(x) exists and is equal
to lim, 1o f'(x)/g'(z).

Since the lim,_, .« f'(x)/g'(x) exists we know that there exists a € R
such that ¢'(x) # 0 for x > a.

Let A = lim, o f'(z)/¢'(x). We want to show that lim, ., f(z)/g(z) =
A. In other words we have to show that for any € > 0 there exist b € R
such that |f(z)/g(z)—A| < eforx > b. Sincelim,_, o f'(z)/g'(z) = A
we can find b € R such that |f'(z)/¢'(z) — A| < € for £ > b. Choose
now any z > b and apply the Cauchy theorem to functions f(z), g(z)
in the interval [b, C] where C' > b . We see that there exists y¢ € [b, C]

such that LO=I®) — Ie) Gince yo > b we see that |[LE — 4| < e.

9(C)—g(b) g (yc) " g (yo)
So
f(C) — f(b)
L 2 Al
FEET OISR

for any C > b. Therefore [[CUIC—TB/9C) _ 4| < ¢ for any any

URAA £(O)/o(C)~1)/5(C)
.. . [ - g
C > b. In other words we see that the limit limg_,o T—g(/9(C)

exists and is equal to A. Since, by the assumptions, g(z) — +oo for




4

r — 400 we see that the limit lim, ., f(2)/g(z) exists and is equal
to lim, 1o f'(x)/g ().
5. Prove that for any x > 0 there exists §(z),1/4 < 6(z) < 1/2 such

that vz + _\/EZQ\/w:—T(w)'

Proof. We have vz +1— /z = m Therefore 0(x) sutisfies
the equation

Vo +1++x=2z+6(z)
20+ 14 2y/z(x+1) =4(x +6)

. Since the right side is a monotonely increasing function of § to show
that 1/4 < 6(z) < 1/2 it is sufficient to check that

a)2z + 1+ 2y/z(x + 1) > 4(x +1/4) and

b)2z + 1+ 2¢/z(x + 1) > 4(z + 1/2).

But a) is equivalent to an inequality < y/z(z 4+ 1) and b) is equiv-
alent to an inequality z + 1 > y/z(z + 1). But both inequalities follow
from the obvious inequality z < x 4 1.

or

6. Find coefficients a, b such that lim,_,o[x—(a+bcos(z))sin(z)]/z* =
0.

Let f(z) := x — (a + beos(z))sin(x). If lim,_ o f(x)/z* = 0 then
it follows from the L’Hopital’s rule that that a, b should be such that
lim, o f'(z)/2® = 0,limg_o f"(x)/2? = 0,lim;_,o f"(x)/z = 0 and
lim, o f*(x) = 0. In particular a,b should be such f(0) = f”(0) =
f"(0) = f®(0) = 0. This gives a system of linear equations on (a, b)
which implies that a = 4/3,b = —1/3.

There is a faster way to find (a,b). One can use the Taylor polyno-
mials P3(0, z) for sin(z) and cos(z), P2, (0,z) =z — 23/6, P2 (0,z) =
1 — x%/2. This shows that f(z) = z(1 — 22/6)(a + b — bz?/2) + R(x)
where lim,_,o R(z)/z* = 0. Therefore a + b = 1,—b/2 = 1/6. This
implies a = 4/3,b = —1/3.

7. Let U C R be an open set such that R — U is also open. Prove
that either U = R or U is empty.

Assume that both U and R — U are not empty and show that this
assumption leads to a contrudiction.

Let a € U,b € R — U. Then either a < b or b < a. Assume that
a <b. Let X :=[a,b]NU. Then X is a nonempty bounded subset of
R and we can define z := lub(X). Let Since R — U is open U is closed.
Therefore X is closed and = €. Since U is open and = € U there exists
r > 0 such that (x —r,x +r) C U. Therefore z + /2 € U. But this
contrudict the definition z := lub(X).
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8. a)Let C be a compact set of normed vector space V, X, C C,a €
A be a family of closed subsets of C' such that for any finite subset
{a1,...,an} C A the intesection Mi<;<nX,, is not empty. Show that
the intersection N,c 24X, is also not empty.

Proof. We assume that the intersection N, 24X, is empty and show
that this assumption leads to a contrudiction.

Let Y, :=V — X,. Then Y, is an open cover of C. Since, by the
assumption, C' is compact we can find a finite set {a;, ...,an} C A such
that C C |J;«;<y Ya;- But this implies that the intesection Ni<j<nXa,
is empty. A contrudiction.

b)Construct a family of closed subsets of R such that for any finite
subset {a1,...,an} C A the intesection Mi<;<nX,, is not empty but the
intersection Nye 4.X, is empty.

Answer. Take A =Z, X, := [a, +]



