If V is a vector space B = {e,...,eq} beabasisof Vand T:V -V
is a linear transformation we denote by Ag(T’) the matrix of 7" in the
basis B. That is Ag(T) = (a}),1 < 4,j < d is a matrix such that
T(ej) = Y, dle;.

1. a)Let By =: {e1, ez} be the standard basis of R*, T : R> — R? be
a linear transformation such that

Apy(T) = (f . )

T(@l) = 261 + €9, T(eg) =e; + 62]
Find a basis B =: {fi, fo} of R? such that the matrix Ag(T) is
diagonal. That is A(T) = A = (Al 0 )

0 X

A SOLUTION.

If {f1, fo} is a basis of of R? such that the matrix Ag(T) is diagonal
then T'f1 = A1 f1,T fo = A1 fa. So to find such a basis {fi, fa} we have
to construct vectors f € R? such that Tf = A\f, A € R.

Let f = ae; +bey. Then Tf = (2a+b)e; + (a+b)ey. Therefore Tf =
A iff 2a+b = Aa,a+b = Ab. In this case we have (2a+b)b = (a+b)a
and therefore 22 + 2 — 1 = 0 where 2 := b/a. So x = 1/2[~1++/5]. So
we can take f; = e; + [~1/2 4+ v/5/2)ey, fo = €1 + [~1/2 — v/5/2]es.

b)find the numbers A; and A,.

SOLUTIONS.

A) Using a) you see that Ay = 2+[—1/24++/5/2] = 3/2+/5/2, Ay =
2+ [-1/2 -+/5/2] =3/2 —/5/2.

B)The second solution. You can find A; and Ay directly. Assume
that A € R is such that there exists f € R? — 0 such that Tf = \f.
Then (T — Md)f = 0. In other words Ker(T — Ald) # 0. Therefore
(?) det(T — A\Id) = 0. But

[that is

2-A 1
ABO(T—AId):( o >

and therefore det(T — Ad) = (2—-A)(1—-X) —1= X -3\+1 and
A=3/2++/5/2.

c)Let f1 = cle; + c2eq, fo = cler + cae, cj- e R

Show that A = CAC~" where A := Ap (T).

1 2

C = (S
“\el 2
2 €

A SOLUTION.



Let S,A : R? — R? be the linear maps such that Se; = f1, Ses = fo
and Ae; = Aer, Aeg = Ayeq. We have to show that

() T =SAS™

Since both sides of (*) are linear maps and {fi, f2} is a basis of of R?
it is sufficient to check that Tf; = SAS~'f; and T'f, = SAS~'f,. We
will check the first equality.

By the construction T'f; = Ay f;. On the other hand since Se; = f;
we have

SASilfl = SA€1 = S)\lel = )\1561 = )\1f1

d)Let a = (3 — +/5)/2. Find the elements of the matrix a!% 41000
with the precision of 10 per cent.

A SOLUTION.

We have A = CAC™'. Therefore A0 = CAYC—! (7). So
1000 41000 — (3 (qA) 1001 Byt

1 0
alh = <0 a? )

1 0 -
1000 41000 _ ~ (0 2000 ) o1

. Since |a| < 1/2 the number a**® is very small. Therefore with a very
good approximation we have

ooy ) o= 2 (VT s )

and therefore

2.a) Let f be a differentiable function on R such that f'(z) = 1.

Prove that there exists ¢ € R such that f(z) =z +cforallz € R

SOLUTIONS. A)By the mean-value theorem we have f(z)— f(0) =
(x — 0)f'(y) for 0 <y < z [I assume that z > 0]. So f(z) — f(0) ==z
for all z € R. Or f(z) = c+ z for ¢ = f(0).

B)The second solution.

It is clear that f is a twice differentiable function on R. Therefore
we can apply the Taylor formula

f(x) = f(0) + f'(0)x + ro(x) where ro(z) = 1/2f"(y) for 0 <y < x
[I assume that = > 0]. But f'(y) = 1, f"(y) = 0 for all y € R. So
f(z) = c+ x for ¢ = f(0).

The second solution works in the case b)

b)Find all twice differetiable functions F' on R such that F"(z) = 1.
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Let f : Mat(n,n) — Mat(n,n) be a function such that f(A) = A%
3. a)Show that the function f is differentiable and for any n x n matrix
H find the differential df (H) : Mat(n,n) — Mat(n,n).

A SOLUTION.

Fix A € Mat(n,n) and consider f(A + h),h € Mat(n,n). We have
f(A+h) = A2+ Da(h) + h? where D4(h) = Ah+ hA. Tt is clear that
h — D4 (h) is a linear map from Mat(n,n) to Mat(n,n) and |h?|/|h| —
0 for h — 0. Therefore f is differentiable for all A € Mat(n,n) and
D¢(A)(h) = Ah + hA.

We can identify the vector space Mat(n,n) with R* | A — {a;;}.
Therefore we can define the partial derivatives 0f/0a; ;.

b) Find the partial derivatives 0f/0a; ;.

A SOLUTION. Let E;; € Mat(n,n) be the basis of matricies such
the ¢,j-th entry of E;; is equal to 1 and the all other entries are
equal to zero. This basis defines the identification of the vector space
Mat(n,n) with R”, A — {a;;}. Therefore 8f/a;; = D;(A)(E;;) =
D o1<ken kBl T D1 cpen Wi B

c) Find the differential dF(H) : Mat(n,n) — Mat(n,n) where
F(A) .= A3

A SOLUTION. As in a) one can show that D;(A)(h) = A*h+ AhA+
A?h.

4. a) Let f be a differentiable function on R and F be and function
on R? defined by F(z,y) := 27 f(y/x?).

Show that £0F/0x + 2y0F /0y = TF

b) Find a generalization of this result.

If f is an infinitely differetiable function on R at a € R we can define
the Taylor series

Pi(a,x) = ch(aj —a)", ¢, := f™(a)/n!

. We define by I, C [0,00) as the set of numbers r > 0 such that
cpr™ — 0 for n — oo and write 7f(a) = lub(l,). [It could be that
ri(a) = ool

Let f be a function on R — {0, 1,2} given by f(z) := m

5. a)Show that f is an infinitely differetiable function on R—{0, 1, 2}

A SOLUTION. One can prove the following general result. Let F
be an infinitely differetiable function on R Z C R the set of zeros of F'.
Then the function 1/F on R — Z is infinitely differetiable. Then one
applies this result to the case when F' = z(z — 1)(z — 2).

b)Find rf(a) for any a € Ra #0,1,2

A SOLUTION.



One has f = fy + f1 + fo where fo = 1/2z, fi = —1/(z — 1) and
fo = 1/2(x — 2). It is easy to see that rp(a) = |a|,rp(a) = |a —
1,72(a) = la — 2|. Let 7(a) = min(rs(a), 71, (a), 71 (a))

For any a € Rya # 0,1,2 the Taylor series P;(a,x) is equal to
the sum Py (a,z) + Pp(a,z) + Pp,(a,x). Since each of the series
Py, (a)(z),1 <14 < 3 is convergent for |z| < r(a) we see that r;(a) <
r(a). I'll leave for you to check that r¢(a) = r(a).

Let V be a vector space, Q(V') the space of quadratic functions on
V and B%(V) be the space of symmetric biliner forms on V. To any
symmetric biliner form f on V' we associate a function ¢(f) on V where
q(f)(v) = f(v,v).

6. a) Show that for any f € B2(V) the function ¢(f) on V is qua-
dratic.

The part a) show that we have defined a map « : B2(V) — Q(V), a(f) =
q(f)-

b) Prove that « is an isomorphism between vector spaces B2(V') and
(V).

¢)Construct explicitely a linear map 3 : Q(V) — B2(V') which is the
inverse of a.

A SOLUTION.

'l construct a linear map 3 : Q(V) — B2(V) and leave for you to
check that [ is the inverse of a. Of course this will give a proof of the
part b).

For any g € Q(V') we define 5(q) € B%(V) by B(q)(v,w) := 1/2[g(v+
w) — q(v —w)].

d)Suggest a generalization of of the construction f — ¢(f) and try
to generalize the problems a)-c).

7. Let f be a twice differentiable function on R? and g : R? —{z,0} —

R? be given by g(z,y) := (vy,z/y).
Find first and second partial derivatives of the function F := fog
in terms of the partial derivatives of the function f



