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2. Let v be an element of a vector space V. We have

0=(1-1)-v since0-v=0
=1-v+(-1)-v by distributivity
=v+(-1)-v sincel-v=v

so since additive inverses are unique, (—1) - v = (—v).

3. Let
V={(z,y,2) € R® |2z +y =0 and 3y — 2z = 0}.

We claim that V' is a vector space. Since V C R? by definition, we only have to show that
V is a vector subspace of R?, which involves proving the following:

e The set V is nonempty: clearly (0,0,0) € V since2-04+0=3-0—0=0.
e The set V is closed under addition: suppose
vi = (z1,y1,21) €V and vy = (22,y2,22) € V.
Then vy + vo = (21 + T2, y1 + Y2, 21 + 22), and
2z +22)+ Wi +y) =Cri+y1) + (222 +y2) =04+0=0

and
3(y1 +y2)—(21+22) = (3y1—21)+(3y2—22) =040=0
sovy +vy €V.

e The set V is closed under multiplication: suppose v = (z,y,2) € V and ¢ € R. Then
c-v=(c-z,c-y,c-z),and

20c-z)+c-y=c-2r+y)=c-0=0

and
3c-y)—c-z=c-(By—2)=¢c-0=0

soc-veV.




PROBLEM 3 2

Notes on these problems:

M

(2)

(3

The set
{(z,y,2) €R? |22 4+y =0 and 3y — 2z =0}

is contained in, but is not the same as, the set
{(z,y,2) € R® | 22 — 2y + 2 = 0}.

Considerz =y =1and 2 = 0: then2z — 2y + 2 = 0 but 2z + y = 3y — z = 3. This
comes from the fact that a — b = 0 does not imply thata = b= 0.

You were not allowed to assume that a vector v € V' can be written in coordinates v =
(a1,...,a,) or even with an infinite number of coordinates v = (ay, az, . ..). You had to
consider a completely abstract vector space V. It is true that every finite-dimensional
vector space is isomorphic to F™ for some n, but the proof of that uses the fact that
(=1) - v = —v anyway. And it is not at all clear that all infinite-dimensional vector
spaces have a basis; you need the Axiom of Choice for that proof (which we have
not done). And even if you believe the Axiom of Choice, a vector space may have
an uncountable number of basis elements, in which case you can’t write a vector as
(a1, as,...) in the first place.

In pure math you should avoid choosing a basis if at all possible, because everything
almost always works out much more nicely that way. Choosing a basis is like wimping
out (unless it’s totally unavoidable). Trust me on this. More technically: choosing
a basis forfeits the naturality of your proofs (naturality is actually a category theory
term!) and makes it much more messy to show that things you conclude about your
vector spaces will carry over in a nice way when you do things like take quotients and
direct sums and tensor products.

Recall from class that the three properties I demonstrated for the set V' in problem 3
really are the only things I needed to verify. The reason for this is that all of the vector
space axioms carry over from the fact that R® D V is a vector space. But if you did
show that V satisfied all eight axioms, including the closure properties (i.e. “there exists
maps+:V xV = Vand-: F x V — V”) then of course you got full credit, and you
did a valuable exercise that everyone should do at least once in their life.

Joe Rabinoff



