Math 23a, Problem Set 6, Part D Emily Riehl

6. Let V = R? be two-dimensional Euclidean space, with its usual z— and y— coordinate
axes. Consider the linear transformation L, : V — V that performs a reflection about the
line y = ax.

a. Write the matrix for L, with respect to the basis B = {e;,e;}. (Hint: Use elementary -
geometry to compute L,(e;) and L,(ep)).

We know that the columns of a matrix of a linear transformation with respect to a given
basis are simply the image of those basis vectors under the linear transformation. So we
compute Ly(e;) and Lg(es).
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Let 8 = arctan(a) be the angle between the positive £— axis and the line y = az. Then
it is clear from geometry that Lo (e;) = (cos(26),sin(26))” and that La(es) = (cos(§ — (7 —
20)),sin(5 — (1 —20)))" = (cos(20 — ), sin(20 — 2))T = (sin(20), — cos(26))”. So the matrix
of this transformation is:

[008(20) sin(20) }
sin(20) — cos(26)

But our transformation was given in terms of @, not 8 so we use some trig identities to
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WI‘.lte thls’matrlx in .terms of a. . Note that cos(#) = == and sin(f) = —arm5 Squaring
this equations we write our matrix for L, as follows:
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b. Calculate the matrix for Lg o L, (with respect to B) in two ways: by multiplying the
matrices for Lg and L,, and by determining the matrix for the resulting composed linear
transformation directly.

We begin by multiplying matrices. This is much simpler with angle notation, so we'll
adopt it from now on. Let ¢ = arctan(f). We compute

oL — | cos(2¢) sin(29) cos(20)  sin(20)
LgoLs= l sin(2¢) — cos(2¢) ] [ sin(26) —cos(26) ]

_ [ cos(2¢) cos(26) + sin(2¢) sin(26) cos(2¢) sin(260) — sin(2¢) cos(26) :!
sin(2¢) cos(26) — cos(2¢) sin(26) cos(2¢) cos(28) + sin(2¢) sin(26)

_ [ cos(2¢ — 260) —sin(2¢ — 20) ]
sin(2¢ —20)  cos(2¢ — 26)
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We could, of course, use the trigonometry equalities from part a. to write this in terms
of o and 3 but there is no pressing motive to do so.

The second part of this problem asks us to compute this result directly. This does not
mean with respect to an arbitrary vector (z,y)T in part because computing the image of
an arbitrary vector under a composed transformation will not give you that transformation.
Any algebraic computation will essentially be the matrix multiplication performed above.

Thus, to do something new, and to satisfy the request in this part, we must compute the
image of (!31 and e, ggometn’cally as we did in part a. Y
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Let 6"/and ¢ be as defined above. It is important to note that both of these angles are mea-
sured with respect to the positive z— axis so we can keep track of all of the different ” pictures”
that depend on the relative magnitude of & and 3. As before Ly(e;) = (cos(26),sin(26))7 .
The angle measured from this vector to the line y = Bz is ¢ — 20 (where the sign of this
angle indicates the orientation as is conventional). So then the image of this vector after
reflection about the line has angle 2¢ — 20 with respect to the positive z— axis. Thus
Lg o La(e1) = (cos(2¢ — 20),sin(2¢4 — 20)).

We perform a similar computation for e;. From part a L, (ez) = (cos(20—%),sin(20—2))T
and so has angle 26— 7 with respect to the positive z— axis. So again ¢—(20— 3) =¢—20+7%
is the angle from this vector to y = Bz and 2¢ — 20 + 7 is the angle of the image after
reflection about this line with respect to the positive z— axis. So Thus Lgo Lu(eg) =
(cos(2¢ — 20 + 7),sin(2¢ — 20 + £))T = (—sin(2¢ — 26),cos(26 — 20))T. So the matrix for
L 8o La is

| cos(2¢ —20) —sin(2¢ — 26)
- [ sin(2¢ — 20)  cos(2¢ — 20) }

as before, verifying our previous result.

c. Show that the composed linear transformation Lg o L, is a rotation. By what angle are
vectors in R? rotated under this transformation?

Note it is not enough to simply say that Lg o L, is a rotation because it preserves the
length of vectors. For example, reflections also have this property. But we see that the
matrix for Lg o L, written in terms of § and ¢ is in the form of a rotation matrix, and so we
conclude that Lgo L, is a rotation.

From our general form for rotation matrices it is clear that the angle of rotation is 2(¢—8)
or twice the angle (again with orientation) measured from y = az to y = fz.
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