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We will actually prove something stronger than the problem asks, namely, that if
f: V¥ — F is any multilinear map (not necessarily alternating) for k¥ < n =dim
V, then there is a set of linearly independent vectors {ws,...wy} such that
f(wy,...wg) = 0 (proof due to Luke Li). Let {v1,...v,} be a basis, and let
r= f(v1,...06—1,0%), s = f(v1...0p—1,0k41). If either » = 0 or s = 0, then we
are done, because the sets {v1...vi_1,vx} and {v1,...vk_1, VK41 } are linearly
independent. If r # 0 and s # 0, then the set {v1,...v5_1, 8V — rvgs1} is
linearly independent, and

flor, . cvp1, svp —rvgg1) = sf(vi,...,0) —7f (V1. Vkg1) (1)
= sr—rs (2)
0 (3)

This is undoubtedly the slickest way to do this, but the problem state-
ment strictly speaking asked for a proof by example, so to be a little more
concrete I will also give an example, adapted from many of your solutions.
Define P : V. — F* by P(ajvy + -+ + a,v,) = aiey + ---ageg. Clearly P
is linear. Let d be the unique k-form on F* with d(ey,...ex) = 1. Define
flwy,...wg) :=d(Pw,...Pwy). Since P is linear and d is an alternating form,
f is an alternating form. It is non-trivial, since f(v1,...v;) =d(e1,...ex) =1,
but f(vg,...vg,v,) = d(es,...e,,0) = 0, so f vanishes on a set of linearly
independent vectors.

7

(b) f is simply the determinant of the two-by-two matrix with columns equal to

b . . . -
the two vectors CCL a1 which we already know is alternating and multilinear

in the columns. It is also simply to show directly that f is multilinear; for
instance, f(k(a,b) +1(a’,b'), (¢,d)) = (ka + la")d + (kb + Ib)c = k(ad — be) +
l(a'd—bc) = kf((a,b),(c,d)) +1f((a’,V),(c,d)), and the proof of linearity in
the second entry is almost identical. It is alternating because ab — ba = 0.



(c) In the next part we will construct a basis for the 2-forms on R3; any two
elements of the basis are independent.
(d) We proved in class that the space of n-forms on an n dimensional space is
one dimensional, so the dimension of the space of alternating bilinear forms on
R? is 1.

As for R?, let f be an alternating bilinear form, and let v = aje1+azea+ases,
w = brey + baes + bses be any two vectors. Then using bilinearity and skew-
symmetry, and a bit of algebra, we have

f(v,w) = (arby — azby) f(e1, e2) + (arbs — azbr) f(e1, e3) + (a2bs — asbz) f(e2, e3)

Thus f is completely determined by the three values f(e,e2), f(e2,3) and
f(e1, es), so we expect the dimension to be three. Let fi(aiei1+azea+ases,bier+
baea+bses) = arby—azby, fa(arer +azes+ases, brer+baea+bses) = a1bs—asb,
and f3(aje; + ages + azes, brey + baes + bzes) = agbs — agby. Arguments very
similar to those in part b) show that these are all bilinear alternating forms.
Note that f1 (61762) = 1, while f1 (61763) = f1(€2,€3) = 0. Similarly, f2 and f3
are non-zero on (e1, eg) and (eq, es), respectively. Thus if ¢ f1 +cafo+csfs =0,
(note that the zero on the right is the zero form), operating on (e1,es) gives
c1 = 0. Similar arguments show co = ¢3 = 0, and so these forms are indepen-
dent. On the other hand, our calculations above show that if f is any bilinear
form, then f(v,w) = f(e1,e2)f1(v,w) + f(e1,e3)f2(v,w) + f(e2,e3)f3(v,w), or
f=fle,1,ea)f1+ fle1,es)fa+ f(ea,es)f3, so these forms span. They thus form
a basis, and so the dimension is three.



