Math 23a: Theoretical Linear Algebra
and Multivariable Calculus I

FINAL EXAM

January 24, 2006

Your name:

Problem | Points \ Score ‘

1 15
2 10
3 10
4 10
5 15
6 20
7 20
] Total \ 100 \ \

In the following problems you can use any of the results we have
proved in class, if you state them clearly before using them.

Please show all your work on this exam paper. Unless otherwise
stated, you must show your work and clearly indicate your line of
reasoning in order to get full credit. You can write on the back of
the pages if you need extra paper.



Problem 1 [15 points]

Decide whether the following statements are True or False. (Note: There is no need
to justify your answers, just circle T or F. You get +3 for every correct answer and
-1 for every wrong answer.)

T or F:  The set of rational numbers forms an ordered field.
T or F: If A, B are n X n matrices, A # 0, and AB = 0, then B = 0.

T or F: Every orthonormal list of vectors in a finite dimensional Euclidean
space V can be extended to an orthonormal basis of V.

Tor F: LetT: V — V be an operator on a finite dimensional Euclidean
space V. Eigenvectors of T corresponding to distinct eigenvalues are or-
thogonal.

T or F: If Ais a unitary matrix, then |det A| = 1.



Problem 2 [10 points]

Find a basis for the solution space U C R* of the following homogeneus system of
linear equations:

T —To+2x3—x4 = 0
To+x3—3x4 = 0
201 —x9+5r3—5x4 = 0

Answer:

Basis U:




Problem 3 [10 points]

Say which of the following functions is a linear transformation and, in case it is,
write down the corresponding matrix A, the kernel Ker¢ and the image Imd.

x
wo w — ', o |y|] =W
z
(b) ¢: R? — R?, ¢({ﬂ = [_iy*f%w}
[z ] rT+y+z
(c) ¢: R® = R*,  ¢| |y r—y—1
| Z | z+x
Answers:
() | Y N | A= Kerg= Ime=
(b) | Y N | A= Ker¢p= Im¢=

(¢) | Y N | A= Kergp= Im¢p=




Problem 4 [10 points]

Compute the determinant of the following matrices:

0
—1
0

1

[ 1001
1002
1001

| 1001

0 5
-2 6
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2
3
4
1003 1004
1001 1002
1001 999
998 996
Answers:
det A =

det B =




Problem 5 [15 points]

Suppose V is a vector space over C of dimension n and T : V — V is a linear
operator on V. Suppose that 7" has only one eigenvalue A. Prove that (T'—AT)™ = 0.



Problem 6 [20 points]

Let A be an n x n Hermitian matrix with complex coefficients, and denote by a;;
the entry of A in row ¢ and column j. Let Aq,...,\, be the eigenvalues of A,
counted with multiplicities.
(a) State the Spectral Theorem for Hermitian matrices.
(b) Let A be the lowest eigenvalue: A = min{A1,...,\,}. Prove that a;; > A
for every i =1,...,n.



Problem 7 [20 points]

Consider the field of two elements F = Z/27Z. Let S be any set, and let Vs be the
set consisting of all subsets of S. We define on Vg two operations: addition

A+B = (A-B)U(B - A)

(recall that A — B, the difference of subsets, denotes the set of all elements of A
which are not in B), and scalar multiplication (by elements of Z/2Z):

0-A=0, 1-A=A.

(a) T claim that Vg, with the above operations, is a vector space over Z/27Z.
You do not need to check all the axioms. Just state and prove the following
vector space axioms:

1. associativity of addition (what is A+ B + C7),
2. existence of additive identity,
3. existence of additive inverse
(b) Given a subset A C S, consider the following functions I4, Uy : Vg — Vg,

IA(B)=ANB, Ua(B)=AUB.

Say whether the above functions are linear transformations on Vg and, if
they are, determine their kernel and their image.



(page intentionally left blank)



10

(page intentionally left blank)



