1. Solution to problem 4, with many thanks to William Phan.

4. (a) For any vectors v,u € VA € R,v = {ay, a9, ..., o} and u={pB1,02, ..., Bn}, define
addition and multiplication as:
u+v = {a1+ﬂl7a2+627"-,an+ﬁn}
Avo= {Aran A, o, Aagt

To prove that V is a vector space over R, we need to show that:

i. V is commutative

u+v = {Oé1—|—ﬂ1,0zg+ﬂ2,...,ozn+ﬂn}
= {fita,B2+az ... ,Bn+an} by commutative law on R
v+ U

Av o= {dag, Aag, ..., Aoy}
= {041)\7 a2)\, ey anA}
= v-A

Therefore, V' is commutative.
ii. V is associative

For w ={v1,72, -+, Vn}

ut (v+w) = ut+{Bi+7,02+72, .-, Bu+ W}
= {a+Bi+m)ae+B2a+72), oy an+ (Bn+70)}
= {(a+p)+m,(a2+B82)+72, ..., (an+Bn) + 7}
= {a+pr,a0+ P, ..., an+ 8t +w
= (u+v)+w

Therefore, V' is associative.
iii. V 4s distributive

Ar(ut+v) = Ma+p, ag+ P2, .., an+Bn}
= {Aon +B1), Mz +B)s s Man + )}
= {da1 + 01, dag + ABs, ..., Aa, +AG}
= du+ M\

{A+r)u = {A+rK)ar, A+K)ag, ..., (A+K)ay}
= {da1 + ka1, dag+ Kkag, ..., A, + Koy}
= Au+ Ku

Therefore, V' is distributive.

iv. FExistence of Negatives
Every element in u is also an element of R. Therefore, every element in « has an



additive inverse. The vector in V whose every i*" element is the additive inverse of
the corresponding element of w is u’s additive inverse.

{1, ag, ... ap}+{—a1, —az, ... —a,} = {a1—a1, as—ag, ... ap—a,}
= {0,0,...,0}

Therefore, negatives exist on V'
v. Additive and Multiplicative Identities

The vector {0, 0, ..., 0} and the real number 1 are the additive and multiplicative
identities in V, respectively.

{ag, ag, ..., an}+{0,0,..,0} = {0+a1, O+az, ..., 0+ ay,}
= {al, ag, ..., an}
L-Aar, ag, ..., an} = {lrag, 1 ag,..., 1Tran}
= {011, g, ..., Ozn}

Therefore, additive and multiplicative identities exist on V.

vi. V is closed on vector addition

utv={a1+ 01,0+ P2,....,n + Gn}

- However, a; + 3; € R for all 0 < i < n.
- This means that v + v is a function from S to R for all u,v € V.
- Therefore, V' is closed on vector addition.

vii. V is closed on scalar multiplication
A-u={Aag, Aag, ..., Aa, }

- However, Aa; € R for all 0 < i < n.
- This means that A\u is a function from S to R for all u,v € V.
- Therefore, V is closed on scalar multiplication.

Since these properties hold, V is a vector space on R.

An example of a set of linearly independent generators for V is:

{1,0,0,...,0},
{0,1,0,...,0},
B=1< {0,0,1,...,0},

{0,0,0,...,1}
where each vector has n coordinates.

- Let by = {1,0,...,0}, b ={0,1, ... ,0}, ..., b, ={0,0,...,1}
- To prove that this list is a basis, we prove that



i. B is linearly independent
We want to show that:
A1b1 + Xobo + ...+ A0, =0 - AM=X=...= n:(0,0,...,O)

(0,0,...,0) = A1(1,0,0,...,0) 4 A2(0,1,0,...,0) +... + 2,(0,0,0,...,1)
(A1,0,0,...,0) + (0,X2,0,...,0) +...4(0,0,0,...,\)
(A1, A2, Ags s An)

= M =0d=0X=0,...,\, =0.

Therefore, the vectors in B are linearly independent

ii. span(B) =V
Any vector v € V of the form (a1, as,...,ay) can be written by the following linear
combination of vectors in B.

(a1,00,...,a,) = a1by + agbs + ...+ apnb,
= 1(1,0,0,...,0) + @2(0,1,0,...,0) + ...+ a,(0,0,0,...,1)
= (011,0,0,...,0) + (0,0zz,O,...,O) —|—...—|—(0,0,0,...,Ozn)
= (al,ag,...,an)
- This means that any vector v € V can be written as a linear combination of the

vectors in B.
- Therefore, span(B) =V

- Therefore, B is a basis for V.



