Math 23aTheoretical Linear Algebra
and Multivariable Calculus I

PROBLEM SET 3

Problem 1: (a) Let V be a given vector space over a certain field F. Prove

that (—=1)-v = —v
x
(b) Prove that the subset U C R3 consisting of all 3-columns | y | € R?
z

such that 2z +y = 0and 3y —z = 0 is in fact a subspace of R3.
(¢) Show that if dimV = n, than any list of n + 1 vectors is linearly
dependent.

Problem 2: Consider the field F; = Z/7Z. For simplicity, I will denote the
elements of this field as 0,1,2, ..., instead of [0],[1],[2],... (hoping not to
create confusion). Consider the vector space V = (IF7)2.

(a) How many distinct vectors are in the vector space V?
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9 and vy = [ 1

(a) they generate the whole vector space V,

(b) they are linearly independent.

(¢) Consider the vectors aq = [ 1 }, as = [ 2 } and az = [ g ] Prove
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that
(a) they generate the whole vector space V,
(b) they are linearly dependent.
(d) Find an explicit example, writing down all elements, of a proper (i.e.
neither {0} nor V') subspace of V.
(e) How many distinct subspaces does V' have?

(b) Consider the vectors vy = } . Prove that

Problem 3: Consider the vector space C[0,1] of all continuous functions f :
[0,1] — R. (Here [0,1] denotes the set of all real numbers x such that
0 <z < 1.) For each ¢ € R, consider the following subset:

Vie) = {feCl0,1] | f(1/2) =c} Cc Cl0,1] .

Find all values of ¢ for which V(c) is a subspace of C[0,1] (Explain your
answer).

Problem 4: Let S = {1,2,...,n} for some positive integer n, and consider
the set V of all functions f: S — R.
(a) Prove that V is a vector space over R. (What are the vector space
addition and scalar multiplication? And what is the zero vector?)
(b) Find a linearly independent list of generators of V' (i.e. a basis).

Problem 5: Let V be the set of all infinite sequences of elements of R:
V = {(ag,a1,0z,...) | a; ERVi >0} .

(a) Prove that V is a vector space over R (what are the vector space
addition and scalar multiplication?)
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Consider now the following subsets of V:

A= {(ao,al,a27...) | ; € R Vi >0 and Z lan| converges} ,

n=0

o0
Ay = {(ao,al,ag,...) | ; € R Vi >0 and Z |an|? converges} ,

n=0

(b) Prove that Ay and Ay are subspaces of V

(¢) Prove that Ay C Ay but Ay # As.
(Note: you use appropriate results from Calculus).
We define an arithmetic sequence to be a sequence (ag, a1, e,...) € V for
which there exists some constant ¢ € R such that a1 = ay +¢, Vn > 0.
Consider the subset W C V consisting of all arithmetic sequences.

(d) Prove that W is a subspace of V.

(e) Find a linearly independent list of generators of W (i.e. a basis). What

is the dimension of W?



