Math 23aTheoretical Linear Algebra
and Multivariable Calculus I

PROBLEM SET 5

Problem 1: Let A be an m X n matrix with real coefficients, i.e.

a1p Q2 o Qg
A = Q21 Q22 c Qg
QAm1l  Qm2 - Qmp i

Recall that the columns of A are, by definition, the m-column vectors,

i1 a2 (e5T))

Q21 Q22 Qan m
C1 = ] , Co = ; , ottt o, Cp = . c R

am1 [0 79%) Umn

Similarly, the rows of A are, by definition, the n-row vectors,

rn = [0411 Qi2 v Oéln]
re = [0421 Qa2 v Oézn]
T'm = [aml ama - amn]

They are elements of the vector space R, of all n-row vectors (It is a space
analogue to R™; the only difference is that we take rows instead of columuns.
In particular dimR,, = n). We also define the column space of A to be the
subspace of R™ generated by the column vectors, i.e.

Col(A) = span{cl,CQ,...,cn} c R™

Similarly, the row space of A to be the subspace of R,, generated by the row
vectors, i.e.

Row(A) = span{rl,rg,...,rm} c R,

In class we defined the rank of the matrix A to be the dimension of Col(A).
We want to show that this is the same as the dimension of Row(A). In
other words you need to prove the following

Theorem 1. dim Col(A) = dim Row(A).

Hints:

(a) If ¢ = dim Row(A), prove that you can reorder the rows of the matrix
A so that r,r9,...,7; is a basis of Row(A).

(b) Consider the new ¢ X n matrix A’ consisting of only the first ¢ rows of
the matrix A. Prove that the homogeneous systems of linear equations
corresponding to the matrices A and A’ have the exact same solutions.
) Deduce that rk(A) = rk(A’).
(d) Deduce that dim Col(A) < dim Row(A).

) By exchanging the roles of rows and columns (namely considering the
transpose matriz), conclude that dim Col(A) = dim Row(A).



Problem 2: Consider the 4 x 6 real matrix

1 10 3 2 -4
~ -1 01 -1 3 6
A -1 11 2 3 1
3 1 0 3 6 «

where « is some fixed real number. Let also A be the 4 x 5 matrix obtained
by erasing the last column of A.

(a) Write down the columns cy,, co,c3,c4,c5 € R* of the matrix A, and

consider the space Col(A) C R* defined in the previous problem.

(b) Find a sublist of (c1,, ¢z, ¢3, ¢4, ¢5) which forms a basis of Col(A). What

is the rank of A?

(¢) Consider the homogeneous system of linear equations (xhom) corre-
sponding to the matrix A and let Sol(xhom) C R® be the space of all
solutions of (xhom). Use Gauss elimination to find all the elements of
Sol(xhom).

) Find a basis of Sol(xhom). What is its dimension?
) Check that the dimension formula, dim Sol(xhom) = n—rk(A), holds.
) Consider the (non-homogeneous) system of linear equation (x) corre-
sponding to the augmented matrix A. Find all values of 8 for which
() admits at least one solution.
(g) Use Gauss elimination to find all solutions of (x).
(h) Check that, give a solution (A1,...,As) of (x), every other solution is
of the form (A; + p1,..., A5 + u5), where (u1,...,us5) is a solution of
(xhom).

Problem 3: Let A be an m x n matrix with real coefficients. In class we
defined elementary row operations of the matrix A:
I: of type I, which consists in exchanging two rows of A,
II: of type I1, which consists in replacing the row r; of the matrix A by
r; + Arj form some A € R and some j # 4.
III: ot type I1I, which consists in replacing the row r; of the matrix A
by Ar; form some non-zero A € R.

(a) Consider now the set Mat,,,(R) of all m x n. We define on this set

the following relations ~j, ~yr, ~pr:
1. A ~; B if and only if B is obtained by A by an elementary row
operation of type I,
2. A ~j; B if and only if B is obtained by A by an elementary row
operation of type I1,
3. A ~yr; B if and only if B is obtained by A by an elementary
row operation of type I11.
For each of the relations ~j, ~;; and ~jj; say whether it is reflexive,
symmetric and/or transitive (Justify your answer).

(b) We now define a new relation ~ on the set M at,,,, (R) as follows: A ~ B
if and only if B is obtained starting with A and applying a finite number
of elementary row operations. Prove that ~ is an equivalence relation.

(¢) Prove, by induction on n, that in every equivalence class [A]. there
is some matrix B in normalized echelon form, i.e. for every i the first



3

non-zero entry (if any) of row r; of B is 1, and it is on the right of the
first non-zero entry of the previous row r;_.

(d) Prove that, if A ~ B, then rk(A) = rk(B). (Hint: Consider the
corresponding homogeneous systems of linear equations)

(e) Consider the matrix

Find a matrix B € [A]. in normalized echelon form. Find a basis of
Col(B). Use this to compute rk(A).

Problem 4: Recall from the exam that, given a vector space V and a subspace
U C V, we define the equivalence relation ~ on V' by

a~b ifandonlyifa—beU

Consider the corresponding partition, V/U = {[v] | v € V'}.
(a) We define, on the set V/U the following operations of scalar multipli-
cation
Ay ] = [Avol,
and of addition
W] +vyu [w] = [v4vw].
Prove that these operations are well defined. i.e. their definition does
not depend on the choice of the ”representative” v of [v].
(b) Prove that V/U, with the above operations -/ and +v,, is a vector
space.
(c) Prove that, if V' is finite dimensional, then dim V/U = dimV —dim U.
(d) Consider, as an example, the vector space (recall from Problem Set 4),
P, C F[z] of all polynomials in x with coefficients in F of degree less
than or equal to n. For n > 3, find a basis of the vector space P, /Ps.
What is its dimension?

Problem 5a: Consider the vector space R[x] of all polynomials in « with real
coefficients. We define the following linear transformations from R[z] to
itself:

1. I : Rlz] — R[z] given by I(P(z)) = [, dyP(y). (For example, if
P(z) =14z — 227, then I(P(z)) = z + 2% — 22°)
2. D: R[z] — R[z] given by D(P(z)) = %P(x). (For example, if P(x) =
1+ 2 — 222, then D(P(z)) = 1 — 4x)
Prove that Dol =T but o D # 1.

Problem 5b: Recall from Problem Set 4 the definition of the direct sum A® B
of subspaces A, B of a vector space V. Assume the linear map P: V — V
is a projection, namely it is such that P o P = P. Define the sets:

Vo={veV |Pw) =0}, Vi={veV|Pw) =v}

1. Prove that V and V;j are subspaces of V.
2. Prove that V =V, @& V5.



Extra Credit Problem: Prove in all details that the set L(V, W) of all linear
transformations from V' to W is a vector space (with the operations -7y,
and +p(y,w) defined in class)



