On Friday T did not have time to finish the computations of the
integral of the following integral. Let

Y = {z1,22,x3lz5 > 0,22 + 23 + 25 = 1} C R*, O be the ccw
orientation of ¥ when you are looking from inside = from beloww =
z1dxe A dxs — Todxy A dzs + x3dzy A dzy. Find fz,nw

a)First of all we have to choose a parametrization a : D — X, D C R?
compatible with 2.

b)The second step is to compute 1 := a*(w) € Q%(D). In other
words we have to find a function f(z,y),(z,y) € D such that n =

f(z,y)dz A dy.
¢)The third step is to compute the integral [, f(z,y)dzdy
A solution.
a)As we have seen we can choose D = {(z,y), 2> +y* < 1}, a(z,y) =

(v, 2, /1= (22 +97)).
b)I'll present two ways to compute the function f(z,y)
1) By the definition we have f(z,y) = n(z, y)(f1, fo) where (f1, f2) is

the standard basis of R?. By the definition of o* (w) we have n(z,y)(f1, f2) =

W(l‘},ly)(lz%(fc, y)(f1), Dalz, y)(f2)). Since oz, y) = (y, 7, /1 = (22 + ¢?))

Da(z,y)(f1) = e2 — x/y/1 — (22 + y?)es

Da(z,y)(f2) = e1 —y/v/1 — (2% + y?)es

Therefore
f(@,y) =wlalz,y))(e2—z/v/1 = (& + y?)es, e1—y//1 — (2% + y)e3)

In other words
f(z,y) = ye’Ae—ze' Ae++/1 — (22 + y2)e* Ae*((ea—x//1 — (22 + y2)es, e1—y//1 — (22 + 12
=1I"+ I" 4+ I" where
I'=ye’Ae(ea—a/y/1 = (22 + y?)es, e1—y/ /1 — (a2 + y?)es) = —y*/V/1 = (2% +42),
I" = —ze' Ne®(ea—x/\/1 — (22 + 12)es, e1—y/ /1 — (22 + 12)es) = —22//1 — (22 + 12)
and
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So we have f(z,y) = —(y2/y/1 — (22 +42) + 22/y/1 — (22 + ¢2) +

V1= (22 +y?) = =1/y/1 = (22 +¢?).
2) Another computation of f(z,y) [the one which was presented in

class|
1



We have a*zy = y,a*zy = z,a*z3 = /1 — (224 y?). Therefore
a*dry = dofry = dy,a*dry = da*ry = dxr and ofdrs = da*zrs =
—(zdx + ydy)/+/1 — (22 + y2). So

n = —ydzA(zdz+ydy)/\/1 — (22 + y?)+zdyA(zdz+ydy)//1 — (22 + 32)+/1 — (22 + y2)dzAc

= —1/y/1 = (22 + y?)dz A dy
So f(z,y) = —1/3/1 = (2* + 7).

c)We see that
/ w:/ —1/4/1 = (2?2 + y?)dzdy
2,0 D

If you introduce polar coordinates you find that

1
/—1/ 1 — (22 +y?)dzdy = —27T/ r/V1—ridr =
D 0

1
—7r/ 1/v/1—tdt = —2r
0

where t = 12



