Homework for February 26-th

Definition. If V,W are vector spaces U C V is an open subset,

f : U — W a function. We say that f is smooth if it is infinitely
differentiable [that is for any N > 0 f is N-times differentiable.

Theorem-Definition.

Let ¥ be a subset of R*,00 € X. We say that X is smooth hy-
persurface at og if one of the following three conditions @1, (2, Q3 is
satisfied.

Let og = (75),1 < i < n. Wedefine o} € R*~! by ol := (x},...,z5 ", 25",

Q1.There exists € > 0,4,1 < i < n an open set U C R* ! 0} € U
and a smooth function f; : U — R such that

A)f(op) = =}

B) forany x = (z!,...,2"') € U we have (z', ..., 2", f(x), 2!, ..., z") €
> and

C)there exists an open set U C R", 0 € U such that for any 0 € ¥N

U there exists x = (2, ...,z 1) € U such that o = (2!, ..., 2", f(z), 2", ...

Q2. There exists an open set U C R", 09 € U and a smooth function
F:R*" — R and a number 79 > 0 such that

A)F(O'()) =0 ,

B)DF(O'Q) 7é 0

C) for any r,0 < r < 9 we have ¥ N B,,(r) = {u € By, |F(u) = 0}.
[In other words ¥ N By, (r) = F~1(0) N By, (r)] where By, (r) := {u €
Ulllu — ool < 7}

Q3. There exists an open set U C R*™!, a smooth function ¢ : U —
R"™ and a number ry > 0 such that
A)(0) = o,
B)The linear map Dy(0) : R* ' — R™ is an imbedding
C) for any r,0 < r < ro we have ¥ N B, (1) = ¢(U) N By, (r) where
o(U) = {6(x)},5 € (U) and

D)for any open set U’ C U we can find r{ > 0 such that for any
r,0 < 1 < r{ such that we have X N By, (1) = ¢(U') N By, (1)

1. a)Prove the conditions 1 and Q)2 are equivalent.

b)Show that Q1 = Q3.

¢) Prove that @3 = Q1 assuming the validity of the following result.

For any i,1 < i < n we denote by p; : R* — R* ! the projection
P(T1, s ) 1= (L1, ey Ti1, Tig1,y - Ty) -

Claim. Let T : R*~! — R" be an imbedding. Then there exists
i,1 <14 < n such that the composition p; o TR*! — R"~! is invertible.

d) Prove the Claim

ey X))

).



2. a)Let f: R — R be a continuously differentiable function such
that f'(t) # 0 for all t € RV := Im(f) C R. Show that the map f :
R — V' is a homeomorphism. That is show the existence of a continuous
function g : V' — R which is inverse to f. [That is f o g(v) = v for all
veVand go f(t) =t forallt e R

3)Let fl(‘r: y) = emcos(y)a f2($: y) = e$8in(y) and f = (fl(xa y)a f2(m7 y)) :
R? — R?,V := Im(f).
a)Describe the set V
b)Show that for any u = (z,y) the linear map Dy (u) is invertible.
c¢) Show that the map f : R? — V is not one-to-one.
)

4) Let f : R? — R be a function with continuous second derivatives.
Let uy € R? be a point such that Ds(ug) = 0 and 8°f/0%*x(up) =
0%f/0%y(ug) = 1 and 0?f/0z0y(uy) = 0. Show the existence of a
number € > 0 such that for all u = (z,y)[0 < 2% + y? < € we have

f(u)>0



