I’ll start with some definitions and results which we learned in the
end of Fall. The problems 1 and 2 are from the homework for December
20-th.

Let V be a vector space of dimension d. For any » > 0 we denote by
A™(V'V) the space of antisymmetric 7-linear forms on V

[that is elements of w of A"(VV) are functions w(vy, vg, ..., v,),v; €
V,1 < i <r on V which are linear in any argument and such that for
and permutations o € S, we have

W(Vs(1); Vo (2) - Va(r)) = €(0)w(V1, V2, ..., vr)]

Remark. By the definition A*(VY) = VY and A?(VY) = By (V). We
define A°(VY) := R

Let Z(r,d) be the set of all sequences I = (i1,...7,),1 < i) < ... <
i < d.

1. Find the number of elements in the set Z(r, d).

2. a) Fix a basis {eq,...,eq} of V. For any I = (i1,4s) € Z(2,d) we
define a bilinear form w! € A%2(VV) by

[¥]Jw! (v1, v2) := €' (v1)e?(va) — €' (v2)e*(vy)

Show that w! is the unique antisymmetric bilinear form on V such
that

w!(ei,, €i,) = 1 and for any py, py, 1 < p1,p2 < dsuch that w(e,,, €p,) #
0 we either have p; = i1, p2 = 1o Or p; = @9, P2 = 11

b)Prove that the set w!, I =€ Z(2,d) is a basis of the space A%(VV).

c) Show that for any I = (i1,42,73) € Z(3,d) there exists unique
bilinear form w! € A3(VY) such that

w!(e;,, €:,,€;,) = 1 and for any pi,ps,p3,1 < p1,p2,p3 < d such
that w!(ep,, €p,, €p,) 7# 0 there exists a permutations o € S3 such that
Pk = tok)l < k < 3. Write an explicit formula for wl(vy,v9,v3), 0, €V
similar to the formula * in a).

d) Show that w!, T =€ Z(3,d) is a basis in the space A?2(VV) and
find the dimension of the space A3(VV).

e)generalize the results of d) to the case of an arbitrary r.

Given any w’ € A” (VV),w" € A™ (VV) we define a function w(vy, ..., v,), 7 =
r’" + 7" by the rule
W(V1y ey Up) 1= Z ()W (Vo(1)s oy Vo) )W (Va(r/41) s -vy Vot o)) /717"
gESy

We denote this function w(vy, ...,v,) by &' A w” Example. If r'=r"=1
we have

W AW (1, v9) = W (v1)w" (v2) — W (V)" (V1)
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3. a) Show that w' A w"inA" [ that is show that the function w’ A
w"(v1, ..., vy) is linear in all argument and that for and permutations
o € S, we have

W(Vo(1), Vo(2)s - Va(r)) = €(0)w(V1, V2, ..., vy)]

b)Show that for any I' = (d,...i,,) € Z(r',d),I" = (if,...i0,) €
Z(r",d) we have w! A w!" = 0 if the intersection I' N I" # () .

¢) Show that for any I' € Z(r',d), I" € Z(r",d) such that I'N 1" = ()
we have w!' Aw!" = +w! T := I'UI". and + = (—1)""1") where
c(I',I") is the number of pairs (p,¢),1 < p < r',1 < ¢ < r” such that
iy > iy

If it is difficult to give a prove in general consider the cases when
(', ") = (1,1), (", ") = (1,2) and (r',7") = (2,1)

d) Solve problems from Chapter 15 Section 1 Number 2

Section 2 Numbers 3,4

4)Chapter 14 Section 1 Numbers 1,3 6

Let ¥ = {(x1, w2, z3)|2? + 23 + 23 = 1} C R3.

For any o € ¥ we denote by Tx(c) C R® the tangent space to ¥ at
0.

Let w € Q%(R?) := z1dxy A dzs — Todxy A d23 + 23dx1 A dTo. By the
definition for any v = (z1, 72, 73) € R®,w(v) is a bilinear form on R3
such that w(v)(ey, e2) = x3,w(v)(e1, e3) = —x2,w(v)(e,€3) = x1. For
any o € ¥ we denote by wx(0) € Bys(Tx(0)) the restriction of the form
w(o) on the subspace Tx(0)

a) Show that wy(c) #0 for allo € ¥

Since wy(0) # 0 the form wy,(0) € Bys(Tx(0)) defines an orientation
on the tangent space Tx(0)

b) Check whether this orientation agrees with the orinetation on
Tx (o) given by counterclockwise orientation if you look from inside.

A hint. Construct a basis fi, fo of Tx(o) such that the rotation
from f; to fo goes into the counterclockwise direction [if you look from
inside| and check whether the number ws(0)(f1, f2) is positive.

A second hint. It is difficult to construct explicitely a basis f;, fo of
Tx (o) for all 0 = (x1,22,23) € X. So construct such basis separately
for three cases when x; 20,1 =1,2,3



