1la) For any function g, the meaning of dg(v)(v) is lime_o(g(v + €v) — g(v))/e. In this case, this is [w/e
where the integral is along the line segment from v to (14€)v. Parameterizing thisby o : [1,14+€] = V, t — tv,
we have a*w(t)(e1) = w(tv)(v) where e is the unit vector in the ¢ direction. So we have to compute

1+€
!gr(l) : w(tv)(v)dt/e.
By the fundamental theorem of calculus, this is w(1 - v)(v) = w(v)(v).
b) We will compute df,, (v)(w). This expression can be equivalently thought of as (d/ds) f,,(v+ sw). Let
71 be the line segment from 0 to v, 2 the line segment from 0 to v + sw and 73 the line segment from v to
v + sw, where in each case the line segment is give the orientation with the endpoints in the described order.

So what we are being asked to compute is
lim(/ w —/ w)/s.
s—0 72 -

At this point, we use Stoke’s theorem. Let A be the triangle bounded by 0, v and v + sw. By Stoke’s

theorem
/dw:/w-l-/ w—/w.
A Y1 gammas Y2

But dw = 0, so this integral is 0 and
/ w- / w= / w.
Y2 7 3

(This is one of the most frequent ways Stoke’s theorem is used. Essentially, if a one form has dw = 0,
we can integrate it along any path we like, and the answer will only depend on the endpoints.) So we need
to compute

lim / w/s
s—0
73

As in part a, this turns out to be

s
lim [ w4+ tw)(w)dt
s—0 0

or w(v)(w) by the fundamental theorem of calculus.

¢) The idea of the proof will be the same as above, with ug taking the role of 0. The key point will be
to make sure that all integrals are over regions that actually lie in U, as they would otherwise be nonsense.

We define f,, by f,(v) = fvw where « is the line segment from ug to v that is assumed to exist. We
compute df, (v)(w), as before, this is (d/ds)|s=0fu (v + sw). As U is open, for s small enough, v + s'w lies in
U for all s' < s, from now on, let s be this small. Let 74 be the path from ug to v, 72 from v to v 4+ sw and
~3 from ug to v + sw. Let A be the triangle bounded by the 7’s.

By assumption on the smallness of s, v2 lies in U. 7; and 3 are then lien segments of the sort assumed
to lie in U and A is a union of such line segments, so all of these sets lie in U. Thus, integrals over them are
well defined and the proof can proceed as before.

d) This is probably obvious, but note that the plane minus a single point does not obey the geometric
condition of part ¢, which is why this example is possible. The key point is that the integral on A no longer
makes sense. We do not actually need the full geometric condition of ¢, what is crucial is that any closed
path in U be the boundary of a surface in U.

Checking dw = 0 is easy. We have

d -y i T
dy z2 +y2 drz?+y?

dw = ( Ydx A dy
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Now, if w = df then for any map v : [0,1] = U, we’d have fww = f(v(1)) — f(7(0)). (I am slightly
abusing notation by using v as both the path itself and it’s paramteerization, but I don’t think this should
be confusing.) In particular, let v : [0,27] — U, ~(t) = (cos2xt,sin 2wt). As v(0) = (1), we should have

J,w=0.
In fact, we have

Ydz Ady = 0.

" —sint . cost
)= ————(—sintdt) + —5———
7 ®) sin? ¢ + cos? t( ) sin? ¢ + cos2t

So [, w= 2T ytw = [ wdt = 2.
2) Let w = Y. fdxg, A ... Adzy,. Then d?w = > (d?f)dzk, A ... Adzy,. So it suffices to prove that
d?>f = 0 for any f € Q°. This was shown in class.
3) Write w' = > frwr, w" = > 5 fiawr where the wp and wyr are the bases of Q(i') and Q(i")
introduced in the previous problem set and the f;, and f; are O-forms. As A is linear in both terms and

the f’s are just real valued functions, we have

(A)I N UJ” = E E f}/f}IHUJI/ N wrn

(costdt) = dt.

II III
and
dw AW = Z Z d(fp fimwr Awrpr
II III
Z Z(df}: }I” + f}:df}lu)wp A wryrr.

Il III
It is obvious that these will correspond to the two terms in the final result, the point is simply to get
the sign right. The left terms of each summand combine to give

Z de}’f}l”wp A wrpr.

VA

As f1 is merely a real valued function, it commutes with the other terms and we get

Z de}’wI’ A f}lllwI'l.

Y

As A is distributive, we get
(Z df}l&)[’) /\ (Z f}l,,wlu) = dwl /\ w"
I I

Now for the second sum. The key point is that, as df}, is a one form, we can not simply write

dffw Awp = wp Adff.. There will be sokme change of sign, and we need to work out what it is. wp constists
of a wedge of the form dz;, A dw;, ... A dz;,. We can thinking of moving df}’, to the end as switiching it in
turn with each d,, . Each of these switches will introduce a factor of (—1) and there are ' swithced, so we

get dfth, Awp = (=1)¥ wp Adfy,. Using this in the sum, we have
Z Z f},df”,, ANwrr ANwpr = (—]_)il Z Z f}/qu A df”l/ N wyr
II Il/ II III

= (=" Q_ firwr) AQ dffn Awrr) = (=1) W AN
T

I



Combining these two results, we get the claim.

4) We will prove this result for w a 0-form, for w of the form dz, z a 0-form, and for w a wedge of two
form for which the result has already been proven. Every form is a some of forms that can be built through
these steps, this will prove the claim.

The 0-form. Write w = f, for f a real valued function. Then

¢*(df) = Dy o Dy

and
d(¢*(f)) =Dso¢
S0 this is just the chain rule.
The form dz. We have
¢ (d(dz)) = ¢*(0) =0

. But we have just shown above that ¢*(dz) = d¢*(z), so

d(¢"(dr)) = d(d¢™(z)) = 0

The wedge product. We first show that ¢* (w1 Aws) = ¢*(w;) A ¢*(w2). This is really trivial, let vy, ...,
Viy, Vig41 .-, Vi;+i, b€ the vectors to which we are going to apply these two expressions, at the point x.
The left hand side is, by definition

(w1 Aw2)(¢(2))(Dg(v1), - -, D (viy +i5))

Which is a sum over all permuations o of

w1 (DgVy(1), - - -, DgVo(ir) ) w2 (DyVs(is 1), - - - » DgVo(is+in))

with certain coefficents, wherer the forms are evaluated at ¢(z). The other expresison we are to evaluate is
the sum with the same coefficents of

" (W1) (Vo (1)s - -+ Vor(in)) 0" (W2) (Vo (i1 41) s - - - » Vor(in +i2))

But the definitions of these ¢*’s are precisely the expressions in the first computation.
We now proceed to prove that d(¢* (wiAy)) = ¢*(d(w1 Awa)). By the above, the left is d(¢* (w1) Ap(w2)).
Or
d(¢" (w1)) A ¢™(w2) + (=1)" " (w1) A do™ (w2).

The right hand side is '
¢* (dw1 N\ wo + (—1)“&)1 N dLUQ)

whichby the above is ‘
¢*(dw1) A @™ (w2) + (=1)" ¢"(w1) A ¢" (dws).

Since we are assuming we have already proven d¢* = ¢*d for w; and w», we are done.

15.5.3) a) (2z1+x2)(z123) (T2 —23) b) d(x123) = T3dx1+x1dxs €) T123d(221+22) — (221 +22)d(22—23) =
2z1x3dx1 + (2123 — 221 — ®2)dza + (221 + T2)dxs d) d(2z1 + x2) Ad(x2 — x3) = (2d21 + dx2) A (drs —d23) =
2dz1dzy — 2dx drs — drades €) We first work with each term. (2z1 + x2)(z2 — 23)%d(221 + 72) Ad(z123) =
(271 +22) (w2 — 23)% (2dzy +dz2) A(71dT3 +23dT1) = (221 +22) (T2 — 73)? (221 d71 d23 + 71 dT2dT3 + T1dTodT3)
is the first term. (2x7 + 22)%(2dz1dzs — 2dzdx3 — dxodrs3) is the second, where we have used part d).
sin(2z1 + x2)(z1dx3 + z3dz1 ) (dTs — d23) = Sin(2z; + 22)(—z1d2xodrs + r3dzdrs — x1dr1dzs). Adding these
together gives the answer. f) (2dz; + dzs)(z1dxs + x3dz1)(dzy — do3) = 221d21drsdey — z3daodrdzs =
(z3 — 221)dz1dTadrs. g) (271 + 32)T173 — (T2 — 23)?) (23 — 271)dT1dTadTs Where we have used part f) to
compute ¢*(dzidradrs). 15.5.6) a) We computed ¢*(w) above, do* (w) = d((2z1 + z2)(z123) (22 — 23)) =
(2z123(22 —3) + (221 +23)23 (22 — 23))d21 + (123 (T2 — 23) + (221 + T2)T123)dTs + (221 + 22) 21 (T2 — 23) —
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(221 + z2)w123)drs. dw = Yyaysdys + y1ysdys + y1y2dys and ¢*dw = (z123)(x2 — x3)(2dT1 + dx2) + (221 +
x2) (w2 —x3)(w1drs +x3drr) + (2x1 +x2) (21 23) (dre —drs). It is easy to compare terms and see that these are
equal. b)dw = 0, so we just need to show that d¢*w = 0. This is d(x3dx1 + z1dz3) = drsdz; + dx1dxs = 0.
c)dw = dyadyr — dy1dys. ¢*dw = d(2x1 + x2)(—d(z123) — d(z2 — 23)) = (2dz1 + d22)(—21d23 — T3dT1 —
dro + drs) = —2x1dx1drs — 2dz1dey + 2dr1des — x1dredrs + x3drides + dradxs = (x3 — 2)dxides + (2 —
2x1)dr1dz3+(1—x1)dzodxs. Now d¢*w = d(2z1 w3dx1 + (2123 — 221 —%2)dro+ (221 +22)dx3) = —231dT1dT3+
.’13'3d£L'1d$2 — .’L'ldmzdx_g — 2d$1d$2 + Qd.fb'ld.’l}'g + d$2d$3 = (1173 — 2)d.’1§'1d$2 + (2 — 2$1)d$1d$3 + (1 — $1)d$2d$3.
d) dw = 0 so our job is to show d¢*w = 0. This is d(2dz1dzs — 2dx1drs — dzadrs) and sure enough, every
term is 0. 16.4.1) Choose the orientation on RR? given by dzdydz. We will use Stoke’s theorem, so we must
first compute d(x?dydz + y2dzdx + 22dzdy) This is 2zdzdydz + 2ydydzdx + 22dzdydr = 2(x + y + z)dzdydz.
Now, this is the integral of an odd function over a region symmetirc about the origin, hence 0. 16.4.3) We
just need to show one of these formulae is correct, we pick Vol(U) = [, zdydz. Since Vol(U) is defined by
[y dedydz it suffices by Stoke’s theorem to show that d(xdydz) = dzdydz. But this is easy. 16.4.5) We first
prove the first identity. Consider the two form w = f((0g/0z)dydz + (0g/0y)dzdx + (0g/0z)dzdy). The
integral of this over QU is precisely the right hand side. So by Stoke’s theorem, this is the same as [;; dw.
We now compute dw. We get

df A ((0g/0x)dydz + (0g/0y)dzdx + (0g/0z)dxdy) + fd(((8g/0x)dydz + (0g/dy)dzdx + (0g/0z)dxdy))
The first term is
((8f/0z)dx + (Of |Oy)dy + (8f/0z)dz) A ((Bg/0z)dydz + (8g/dy)dzdx + (8g/dz)dxdy)
Expanding this out, only three terms are nonzero, these terms give
((01/0)(8g/0x) + (9F/0y)(9g/By) + (8 /92)(9g/0))dwdydz
which is precisely < V f, Vg >. The second term,
fd((0g/0z)dydz + (0g/0y)dzdx + (0g/0z)dxdy)
can be computed similarly; the only nonzero terms give
F((8%9/0”) + (8%9/0y®) + (0%9/02%))dwdyd:
which is fAg.

To prove the second identity, apply the first identity to f and g and then to g and f, subtract the
results.



