1) One thing neither professor Kazhdan or I caught until it was too late to be worth changing is that
U was used to mean two different things in defintion Q1. While I doubt this confused anyone, it made the
problem incredibly annoying to write up. In this problem set, we will refer to the set in the main part of
definition Q1 as U and the set in part (c) as V.

a) That Q1 implies Q2 is easy. Take F(z!,...,2") = 2* — f(z',...,2"7 1, "1 ... 2"). Let U be the
set V in defnition Q1. Checking that this works is straightforward.

The reverse direction is almost exactly the content of the of the Implicit Function Theorem. We just
have to show there exists and 4 such that D; restricted to the z! axis is invertible, i.e. (since it is one
dimensional) nonero. Since Dy # 0 and the z are a basis, some such ¢ must exist.

b) We claim we can take U to be the U of Q1 and ¢(!,...,z") = (z!,..., 271, f(a!, ... 2t~ 2t 0 2), 2t . 2n)
Finally, since the V' of Q1 is assumed open, there is an ry such that B,,(r¢) C V, we take this to be 7o.

Part (a) of Q3 is automatic. Since ¢(U)NV = XNV and B,,(re) C V, we have ¢(U) N By, (ro) =
¥ N By, (ro), which is part (c). To see that Dy is injective, we just need to show that there is a linear map
P such that P o Dy = 1. This is because, if Dyv = 0, then v = 1v = P o Dyv = P0 = 0. We claim such a
map is the projection onto the plane spanned by z', 2%, ... z'=!, 2! .. z". PoDj = Dpos and Po f is
by definition the identity map.

This only leaves part (d). Since U’ is open and 0 € U’, there is an r§ < r¢ such that By(ry) C U'.
We claim for r < rf, ¥ N By, (r) = ¢(U') N By, (r). As H(U') C ¢(U), ¢(U) N Byy(ro) = T N Byy(ro) and
B,,(r) C By, (10), we get ¢(U') N B,y (r) € XN B,y (r). We now must show ¢(U') N By, (r) 2 N By, (7).
Let 0 € N By, (ry)- As EN B, (r) € N B,y(re) = ¢(U) N By, (ro) C &(U), there is z € U such that
o = ¢(z). We must show z € U'. We know o € B, (r), so |0 —go| < 7. Let P be the same is in the previous
paragraph. We have |z — 0] = |Po — Pog| < |6 — 09| < r so ¢ € By(r). We chose r{ such that we would
have By(r) C U’, so we are done.

c¢) Take T to be the embedding D4(0) and p; such that p; o T = Dp,04(0) is invertible. Thus by the
inverse function theorem there is an open set W C R™ ! and a smooth function g : U — R™~! such that
piopog=1Idand gop;op = Id. Let ¢; : R® = R be projection onto the 2 axis. We claim we can
take the i of definition Q1 to be i, f to be ¢; o p o g and U to be W. Find rjy such that for 0 < r < r{,
B, (r) NE = By (r) N (W), we take V = B, (r) for some 0 < r < r{.

We first need to show, for any (z!,...,2' "1 2l ..  2") € U,
(b, ...,z f (et e T ), T 2 e B
Set (y1, ...y Lyt y") = g(zy, ...,z L 2™). We claim
oy, .yt Ly = (b (et T T ), e LT,

Note that for any z,z' € R, if p;z = p;2' and ¢;x = ¢;2', then z = 2'.
We first check

pioo(yt,. ..y ytt Ly = pi(at, .2t f (et T T ™), e L ™).
The left hand side is
piogog(zt, ...,z 2 L 2™ =1d(t, ... 2t e L) = (2h L2t et L),
which is trivially the right hand side.
We now show
goopt, ...yt ™) =gt .. 2T et et ™), 2t L ).

The right hand side is f(z!,...,2" 1, 2! ... z™). Plugging in the defnition of f, we get precisely the left
hand side.

We now must show that for any (z!,...,2z") € V.NX, f(z!,..., o, 2¥tt .. 2") = z'. (The last
paragraph showed our map was into ¥, we are now showing it is onto.) By the choice of V, (x!,...27") €
d(W). Say (z1,...,2") = p(w?,...,wi~H witl, .. .w"). So

(wh, ..., wiwt L w") = gopi(at,...2") = gz, ..., 27 2t g™,
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Thus,
flt .t ™) =qgiogog(at,... 2 2t ") =
giop(wh, ..., w L wtt w") = ¢zl . .., 2") = ),
as desired.

Note: the key reason that we needed to use part (d) of defnition Q3 was that the inverse function
theorem only guaranteed g to be defined on some W C U, we needed to know that any point of ¥ was not
only locally the image of some point of U under ¢ but was the image of some point of W, so we could use
the function g.

d) Assume the opposite, then, for every i, there exists v; € R"~! such that v; # 0, p;Tv; = 0, the latter
implies Tv; = a;x’ for some a’. Now, as T is an embedding and the v; are nonzero, all the Tv; are nonzero.
But then the image of T' contains n linearly independent vectors, contradicting that it is the image of an—1
dimensional space.

2) Since f' is continuous and never 0, it is always either < 0 or > 0. This is precisely the situation of
the one dimensional inverse function theorem. (Note: this is the difference between the one dimensional and
higher dimensional case, only in one dimension can we obtain a global solution.)

3) a) V ={(z,y) # (0,0)}. This is fairly clear, any other point can be written in polar coordinates as
(r,0) for r > 0, we can then set x = logr and y = 6.

b) The linear map is given by the matrix

e®cosy —e*siny
(ew siny e*cosy )
which has determinant €2”(cos? y + sin? y) = €2 # 0.
c) f(0,0) = (1,0) = f(0,2m).
4) Let us estimate f(x,y), ¢ and y will be constants in what follows. We know there exists ¢t € (0,1)
such that f(z,y) = :ca%f(t:c,ty) + ya%f(t:c,ty). Call this right hand side h(t), note h(0) = 0. Applying

the mean value theorem to this, we get that there is u € (0,¢) C [0,1] such that h(t) = $28% fluz,uy) +

ny%a% (uz,uy) + yQ%z (uz,uy). (One form of Taylor’s theorem gives precisely what we have just
deduced.)
Now, take € such that B%Zf(a:,y) > 0.9, 3%2 (z,y) > 0.9 and |3%8%f(ar,y)| < 0.1 for |(z,y)| < €. Then

|(uz,uy) < |(z,y)], so we have f(z,y) > u?(0.922 — 2 x 0.1|zy| + 0.9y?). We know 42 > 0 as u € (0,1) and
we know (z,y) # (0,0), so this will must be positive if the discriminant 4(0.9)(0.9) — (2 % 0.1)2 is. Tt is.
(Obviously, the particular values 0.9 and 0.1 could be replaced by others.)



