la) Reversing the order of integration,

/Om /Osf(t)dtds=/0w /tmf(t)dsdt:/ow(x—t)f(t)dt

b) Similarly, we get

2a) This is best done by symmetry: the function being integrated is odd with respect to y, the region
of integration with respect to reflection over the z-axis, so the integral is 0.

b) f02 sin(r?)2znrdr. Setting u = r?, f04 sinurdu = 7(1 — cos4).

3a) Split this into the difference of an integral of f and of g. Do the f integral on z first, to get
fcd f(b,y) — f(a,y)dy. Similarly, do the integral on y first for g. We get

/cdf@’y)dw/bag(w,d)+/dcf(a,y)+/abg(x,c)

b) Integrating on z, we get fcd fy(b,y) — fy(a,y). Integrating again, we get the result.

4a)
4 2
/ z2e!® dx
1
b)
t2
/ 22e” dz + 2te’” — e’
t

c)

Ve =2(9(2z +t) — g2z — t)), v = (9(2z +1) + 9(22 — 1))
vee = 4(g'(2z + 1) — g' (22 — 1)), vy = g2z +t) — g(sz — t).

5a) The integral is over the region z > 0, z < 1—y2, 22 < x. We can write this as fol dx le2 dz 0‘/&%) dy.

b) The integral is over z < 24?2, 0 < x,y < 1;, This could be written as fol dz fol dy f\l/zmin(o,z_zQ)) dx.

6a and b) We show the volume of an n dimensional ball of radius a is given by c¢,a™ where ¢, =
( f:/r §2 (cos8)"df))kn_1. Call this number V,(a). Integrating on the nt* coordinate, we get

a

Vala) = /j Vn_l(\ﬂa2 —2%))dx = / an_1(a® — $2)(n71)/2d$

—a

by induction. Making the change of variable x = a sin 6

/2
Gn—1 / (acos®)" 'acoshdh

—m/2

So we have the claim. The only thing that remains is to evaluate fl/r i2(sin 6)"df. There us a standard
trick for such integrals: Call the value of this integral I,,.

/2 /2
I = / (sin6)"df = / (1 = cos® 6) sin"™2 0 =

—m/2 —m/2

1



/2
Iy_o— / (5in™~28 cos @) (cos Hdh)

—m/2

Integrating by parts, we get

sin™ 1 0 cos 6§ /2 1 /2
In21n72—7|ﬂ_/2 n_]_

p— sin"@ =1, o —I,/(n—1)

—m/2
So I, = In_a2(n — 1)/n. We clearly have Iy = 7 and I =2 so
m—1)n—-3)---1xm

I, =
n n(n—2)- 2 , n even
(n—1)(n-3)---2x2
I, =
n(n—2)---3 , 1 odd

We now evaluate ¢, = I, I,_1 --- Lk. A little thought shows ¢; = 2, so ¢, = I,1,,_1---I;. Note the
helpful identity I,,I,,_1 = 27 /n. If n = 2k, we get

™ ™

n—/z)(m)'“(m) Zﬂk/k!

en = (

Ifn=2k+1, we get

. (REE=2) 252 7%
on = InCk = ok y 1) (2k—1)- -3 K

2k 127k (2m)k2

(k+1)(2k—1)---3k1  (2k+ 1)(2k—1)---3°

This can be rewritten more elegantly as

ok

(k+1/2)(k—1/2)---(3/2)(1/2)

As a check, we give the first four values, n = 4 is part a. 2, 7, 47/3, 72 /2.




