Let X C RY be a set and f, : X — R be a sequence of functions.
We say that the sequence f,, converges uniformally to a function f on
X if for any € > 0 there exists a number ngy such that for any n > ng
and any z € X we have |f(z) — fu(z)| <e.

1. Let a f, : X — R be a sequence of continuous functions which
converges uniformally to a function f.

a) Show that the function f is continuous.

b)Let X be a rectangle. Show that the sequence of numbers

I, := [ fa(2)dzy...dzy is convergent to [, f(z)dz;...dxy.

c¢)Construct a sequence of continuous functions f, on [0,1] such that
[ fa(z)dz = 1 but for any z € [0,1] we have

limy, 00 fn(z) = 0.

Let X C RY be a compact subset and U, C RY,a € A be a open
sets such that X C JU,.

Definition. For and x € X we denote by M, C R the set of real
numbers r > 0 such B,(z) C U, for some a € A where B,(z) is a ball
of radius r with the center at x. Let r(z) := sup M,.

2. a) Prove that the function z — 7(z) on X is continuous.

b)Show that there exist a finite subset ay, ..., a, C A such that X C
UU,,,1 <i<n.

Let X be as before and f be a bounded real-valued function on X.
3. Show that f is integrable if and only for any € > 0 there exists a
partition P of X such that U(f, P) — L(f, P) <.

Let X and f be as before. For any point z € X and r > 0 we
define o(f,z,7) = sup |f(y) — f(z)| fory € X, [y —z| <r and o(f,z) =
info(f,z,7) for r > 0. We call the number o(f,z,r) the oscillation of
f at . For any a € R, we define X, = {z € X|o(f,z) > a}.

4. a) Show that f is continuous at a point z € X if and only if
o(f,z) =0.

b) Prove that for any a € R, the subset X, C RY is closed.

¢) Show that if f is integrable then for any a € Rs and any € > 0 we
can cover the set X, by rectangles with the total volume less then e.

d)Formulate and prove the converse theorem.

e) Show that for an bounded integrable function f on [0,1] and any
€ > 0 there exists > 0 such that for any partition P = {0 = zy <
oy, = 1} such that z; — ;-1 < &Vi,1 < i < n we have U(f, P) —
L(f,P) <e.



