Let A = (a; ;) be a symmetric n xn matrix. We say that A is positive
if for any vector T € R", T # 0 we have < Z, AT >> 0. [In other words
for any sequence (z1,...,x,) # (0,...,0) we have »,; ., a;jz;z; > 0].

We say that A is non negative if for any vector £ € R" we have
<z,Azr >> 0.

Remark. The language is tricky. If A is not non negative it does not
imply that it is negative.!!!

1. Show that a 2 x 2 matrix A is positive iff [if and only if] a;; > 0
and Det(A) > 0 where Det(A) := aj1a20 — a120a91.

Since everyone solved the problem I’ll not write up a solution.

Let f : R — R be a smooth |[= infinitely differentiable] function.
We say that a point v € R" is critical if Dy(u) = 0. We say that u is a
point of local minimum if there exists an open set U C R",u € U such
that for all v’ € U we have f(u') < f(u)

We denote by Hessp(u) a symmetric n x n matrix H = (h; ;) where

hz’,j = 82][/8.%28.%'] (u)

. We call this matrix the Hessian of f at u.
2. a)Show that if u is a point of local minimum then the point v is
critical and the Hessian Hessy(u) is non negative.

Proof. To prove that the point w is critical we assume that it isn’t
an show that this assumption leads to a contrudiction. So assume that
D¢(u) # 0. Then there exists v € R such that D(u)(v) # 0. Consider
the function F' : R — R, F'(t) := f(u+1t0). Since F'(t) = Dy(u+17)(0)
(?) it foollows from the Taylor’s formula we see that

F(t) — F(0) — tDs(u)(v) = t*/2F"(c), c € [0, 1]

Since " for small ¢, t? is much smaller then t” and Dy (u)(v) # 0 we can
find small ¢ [negative if D(u)(7) > 0 and positive if D;(u)(7) < 0] such
that F'(t) — F(0) < 0. That is f(u + tv) — f(u) < 0. A contrudiction.

More formally. Since the function F’(t) is continuous we can find
e > 0 such that for all ¢, |t| < € the function F'(¢) # 0 and has the
same sign as Dy (u)(v). Assume that Df(u)(v) is positive. Choose any
t,—e <t < 0. Then by the MVT we have F(t) — F(0) = tF'(c) for
some ¢,t < ¢ < 0. So F(t) — F(0) < 0. That is f(u + t0) — f(u) < 0.
A contrudiction.

To finsih the proof of a) we have to show that the assumption that
the Hessian Hess(u) is not non negative.If Hessy(u) is not non neg-
ative the we can find © € R* such that < Hesss(u)(7),0 >< 0.
Define the function F' : R — R, F(t) := f(u + tv). Then F"(0) =
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Hessy(u)(7),0 >(?). Since the function F"(¢) is continuous we can
find € > 0 such that for all ¢, |t| < € the function F"(t) > 0. Fix
t,0 <t < e. By the Taylor’s formula we have [since F'(0) = 0]

F(t) — F(0) =t*/2F"(c)

for some ¢,t < ¢ < 0. So F(t) — F(0) < 0. A contrudiction.

b)Show that in the case when wu is a critical point and the Hessian
Hesss(u) is positive u is a point of local minimum.
The same arguments as in a) give the proof.

¢) Given two positive numbers a,b,0 < a < b find z1, ..., 25,0 < 21 <

... < Zp < bsuch that the fraction (aJm)($1+5;1;‘)”aﬁ’$3)___($n+b) reaches it’s

maximum.

Proof. Let C' C R be the symplex yC' = {(z1,...,z,)|la < 21 <

. <z, < b} and F : C — R be the function F(zy,...,x,) :=
e ﬁl;gaﬁ"zs)m(% g It is easy to see that C' is compact and
F' is continuous. Therefore F' reaches it’s minimum at some point
= (uy, ..., up) € C. We define ug := a, ty41 := b. One checks (7) that
the following result is true.

LemmaaF/aacz(u) =0 Uij—1 Uiyl = ’U,Z2,1 <3
OF/0z;(u) > 0 & u;_1uip1 > u? and OF/0x;(u) <
u?,1<i<n.

Let 0C be the boundary of the symplex C.

Claim @ does not belong to 0C.

Proof. Assume that @ € JC and come to a contrudiction. If u € 9C'
then in one of the inequalities defining C' we have an equality. That is
either u; = a or u, = b or for some 7,1 <7 <n —1 we have u; = u;y;.
In all these cases you can find ¢,0 < j < n such that u; # u;;; but
either 7 > 0 and u;_y = u; or j < n and w11 = u;. In such a case it
follows from Lemma that 0F/0x;(u) > 0. Since you move the point u
by you increasing u; we are staying inside C you see that u is not a
point of minimum for F'. The Claim is proved.

So we know that @ € C. Since # is a critical point for F' we see that
u; 1 = u?,1 <4 < n. Since u; > a > 0 we can define z; := logu;.
Then we have 2z; = z; 1 + 2;11,1 <1 < n, 2z = loga, 2, = logb. T'll
leave for you to solve this sustem of linear equations for z;,1 < i < n.

d)Show that the function f : R?> — R, f(z,y) := (1 + €¥) cosx — ye¥
has infinite number of points of local maximum but does not have any
points of local minimum.

Straightforward.

Moreover

< n.
0 ui—1uip1 <
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3. Let 3 be a subset of R”, gy € Y. In the previous homework I gave
3 definitions (Q1, Q2 and @Q3) when X is a smooth hypersurface at oy .

a) Please give analogous definitions (Q1,Q2 and Q3) for a subset
C C R" to be a smooth curvein R” at ¢ € ¥ and show that these three
definitions give the same result.

Solution.

Let ¥ be a subset of R*, 0y € X. We say that X is smooth curve at
oy if one of the following three conditions 1, @2, Q3 is satisfied.

Let og = (78),1 < i < n. Wedefine 0} € R*"! by o} := (z},...,z5 ", x5, ...

Q1.There exists € > 0,4,1 <4 < n an open set U C R,z € U and a
smooth functions f;,1 <j <mn,j#i:U — R such that

A)fi(xh) = a3

B) for any z = x € U we have (fi(x), ..., fi_1(2), z, fiz1(x), ..., fu(z)) €
> and

C)there exists an open set V' C R", 09 € V such that for any o € 3N
U there exists x € U such that o = (f1(z), ..., fi_1(z), z, fiz1(2), ..., fu(x)) €
X

2. There exists an open set U C R", 0y € U and a smooth function
F:R* - R* ! and a number r5 > 0 such that

A)F(0y) =0,

B)Dp(0p) : R* — R""! is onto

C) for any r,0 < r < ro we have ¥ N B,,(r) = {u € B,,|F(u) = 0}.
[In other words 3 N By, (r) = F~1(0) N B,,(r)] where By, (r) := {u €
Ulllu = ool <7}

(3. There exists an open set U C R, a smooth function ¢ : U — R"
and a number ry > 0 such that

A)6(0) = o,

B)The linear map Dy(0) : R — R™ is an imbedding

C) for any r,0 < r < ro we have ¥ N B,,(r) = ¢(U) N By, (r) where
¢(U) :=={¢(z)},z € (U) and

D)for any open set U’ C U we can find rj, > 0 such that for any
7,0 < r < r{ such that we have ¥ N By, (r) = ¢(U") N By, (r)

b)Let C C R™ be a smooth curve in R* at ¢ € 3. Give three defi-
nitions of the tangent line [, and tangent subspace Tx(c) C R™ corre-
sponding to the three definitions (Q1, Q2 and @Q3) of the smoothness.
That is assume that (C,c¢) satisfies Qi,1 < i < 3 and give a definition
of I, and Tx(c) in terms of the definition Q.

A Solution. You define Tx(c) C R™ by

1) Ts(c) = {(fi(@o)t, ..., fis (20)ts b, [l (20)2, s fr(a0)E)},t € R

2)TE(C) = KET'DF(O())



3)Tx(c) = ImDy(0)

Let f : R* — R be a smooth function such. We say that ¢ € X is
a point of local minimum of the restriction of f on C if there exists
an open set U C R",u € U such that for all ¢ € U N C we have
f(e) < fle)

c)Let f : R* — R be a smooth function such that ¢ € X is a point of
local minimum of the restriction of f on C'. Show that the restriction
of the differential Dy(c) to the tangent subspace T¢(c) is equal to zero.

Solution. Use the definition (23 and the chain rule.

d) Let C := S? N P where S? := (z,y,2) € R3¥|z? + ¢y? + 22 =
1,P:= (z,y,2) € R®|z +y + 2 = 1/2. Show that C is a smooth curve
and find the point ¢ € C such that f(c) < f(¢) for all ¢ € C where
f(@,y,2) = 2.

Solution.Consider the function F : R® — R? given by F(z,y,z2) :=
(2 +y*+ 22— 1L,z +y+2—1/2). Then C = F7'(0). To show
that C' is smooth we have to check that for any u = (z,y,2) € C
the linear map Dp(u)R® — R? is onto. By the definition we have
Dr(u)(a,b,¢) = (2za + 2by + 2¢z,a + b+ ¢). It is clear that the map
Dr(u) is NOT onto only z = y = z. But C does not contain any points
of the form (z,z,x). So we see that C' is a smooth curve.

As follows from c) if u = (z,y,2) € C is a point of local minimum
the restriction of Dy(u) on T¢(c) is equal to zero. In other words for
any (a, b, c) such that 2za + 2by + 2cz = 0 and a + b+ ¢ = 0 we have
¢ = 0. But this is true only if z = y. So we have to solve the system of
equation

20 +2=1/2

22+ 22 =1

It has two solutions -one gives the minimum and the other the max-
imum of f on C.

4. Let A be a symmetric n X n matrix, S" ' := {z e R"| < 7,7 >=
1}.

a) Show that for any s € S™ ! we have Tsn-1(s) = {v € R*| <
v,s >= 0}

Solution. use the defintion ()2

Let fa : R — R be a function such that fa(v) :=< Av,v >.

b)Show that the restriction of the function fa on S"~! reaches it’s
minimum at some point s € S"L.
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Solution. Show that S™~! is closed and bounded and that the func-
tion f4 is continuous.

c)Let s € S" ! C R™ be a point of maximum for the restriction of
the function f4 on S™"~!. Show there exists a real number A such that
As = MAs.

We start with the following tow results.

Let v be a vector in R", v # 0We denote by L, C R the hyperplane
L,={zeR"| <v,z>=0}.

Lemma 1. Let w € R* be a vector such that < w,z >= 0 for all
x € L,. Then there exists ¢ € R such that w = cwv.

Lemma 2. For any v,w € R” we have Dy, (v)(w) =< Av,w >

Il leave for you the proof of the Lemmas.

Proof of ¢)

Let s € S™! C R” be a point of maximum for the restriction of the
function f4 on S®1. By 4a) and 3c) we see (?7) that < As,z >= 0 for
all z € L;. Therefore it follows from Lemmas that there exists ¢ € R
such that As = cs.

d)Prove the existence of a basis vy, ..v, € R* such that Av; = \v;
where )\;, 1 <17 < n are real numbers.

A solution. Let s; € S®' C R™ be a point of maximum for the
restriction of the function f4 on S™!. Since As; = ¢;s; one can show
(?) that the operator A preserves the subspace L, [that is Az € Ly,
for all z € L,,. Now let s, € S N L,, C R* be a point of maximum
for the restriction of the function f4 on S 'NL,,. the same argument
show that As, = cy8, for some ¢, € R. E.t.c



