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Lecture # 3, supplement

The Axioms for an Ordered Field

An ordered field F' is a set with two closed binary operations + (addition)

and - (multiplication) and a subset P (the positive elements) satisfying the
following:

Al. Commutativity of Addition: a +b =0+ a, Va,b € F

A2. Associativity of Addition: (a +b) +c=a+ (b+c¢), Ya,b,c € F

A3. Existence of an Additive Identity: There exists a unique element 0 € F
such that 0 +a = a, Va € F.

A4. Existence of Additive Inverses: For every a € F', there exists an element
b € F' such that a + b = 0. We usually denote this element by —a.

M1. Commutativity of Multiplication: a-b=0b-a, Va,b € F

M2. Associativity of Multiplication: (a-b)-c¢=a-(b-c¢), Va,b,c € F

M3. Existence of a Multiplicative Identity: There exists a unique element
1€ Fsuchthat 1-a=a, Va € F.

M4. Existence of Multiplicative Inverses: For every a € F except a = 0,
there exists an element b € F' such that a-b = 1. We usually denote this
element by a1

D. Distributivity: a- (b+¢) = (a-b) + (a-¢), Ya,b,c € F
P1. Closure of the Positive Elements under Addition:
If a,b e P, thena+ b€ P.
P2. Closure of the Positive Elements under Multiplication:
If a,b € P,thena-be P.
P3. Trichotomy: If a € F, then precisely one of the following is true:

e ac P
e —agc P
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Facts about Ordered Fields

In all of the following, we consider an ordered field F’ with additive identity 0,
multiplicative identity 1, and positive elements P.

e Fact: a-0=0, Va € F

e Fact: Additive inverses are unique. That is, if a € F', then there is one
and only one element b € F' such that a + b = 0.

e Fact: Multiplicative inverses are unique. That is, if a € F and a # 0,
then there is one and only one element b € F' such that a-b = 1.

e Fact: —(a+0b) = (—a)+ (=b), Va,b e F
e Fact: (—a)-(=b)=a-b, Va,be F

Definition:
a<bif b—acP

e Fact: If a <b,thena+c<b+c¢, VceF
e Fact: Ifa<band ¢ > 0,thena-c<b-c.
e Fact: fa<band c <0, thena-c>b-c.
Definition:
a , ifaeP

laj]=¢ 0 , ifa=0
—a , if—a€eP

e Fact: |a-b| = |al| - |b], Ya,b e F

e Fact: |a +b| < l|a| + |b], Va,b e F



