Solution Set 10D ot 2

7. First we show that 1/g is continuous at a. Fix € > 0, and suppose that g(a) = r # 0. Find a
81 > 0 such that |g(b) — g(a)| < |r|/2 when |b—a| < §1, so thatr%/2 < g(a)g(b) < 3r?/2 for
such a b (note that all quantities are positive). Find a § > 0 such that |g(b) —g(a)| < €-72/2
when |b — a| < §,. Set § = min(d1,d2), so if |b — a| < §, we have
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Therefore 1/g is continuous at a.

Now we will show that in general, if f and h are continuous at a then so is f - h (so that
f/g = f-(1/g) is continuous at a). Fix € > 0, and choose v > 0 such that |f(b) — f(a)| <
1 when |b — a| < v, so that |f(b)| < |f(a)] + 1 for such b. Choose J; > 0 such that
(If(@)| +1) - |h(b) — h(a)| < €/2 when |b — a| < é;. Similarly, choose d > 0 such that
|h(a)|-|f(a)— f(b)| < ¢/2when |b—a| < d;, and set § = min(dq, d2,7). Then for [b—a| < 4,
we have

|F(b)h(b) — f(a)h(a)| = [f(b)(h(b) — h(a)) — h(a)(f(a) — f(b))|
< |f(b)] - |h(b) — h(a)| + [h(a)] - | f(a) — f(b)

<([f(@)] +1)-|h(b) — h(a)| + [h(a)| - |f(a) — f(b)]|
<e€f2+4+¢€/2=c¢.

8. a) The (partial) graph is given in Figure 8.1.

b) Leta € [0,1] be rational. In order to show that f is not continuous at a, we have to
show that there is some € > 0 such that for any § > 0, there exists an z € [0,1] such
that |a — z| < § but |f(a) — f(x)| > €. Suppose that a = p/q in lowest form, so that
f(a) =1/q. Sete =1/q > 0, and choose any § > 0. We can find a large enough integer
n such that 7/n < §, so that if z = a + 7/n then |a — z| < §. Clearly z is irrational
because 7 is irrational (i.e., if z were rational then so would 7 = n(z — a) because Q is
a field). Therefore f(z) =0, so | f(a) — f(z)| = € > e. Thus f is not continuous at a.

¢) Forn € N, define the set

Qn ={a€]0,1] : acan be written in lowest terms as a fraction p/q with ¢ < n}
= 71 ([1/n, ).

Clearly each @, is a finite set. Let » € [0,1] be irrational, and fix ¢ > 0. Find an
integer n > 0 such that 1/n < e. Set § = min{lz —r| : z € @Q,} and note that
§ #0,s0ify € [0,1] such that |[y —r| < § theny ¢ Q, = f~'([1/n,0)) so that
|f(y) = f(r)] = f(y) < 1/n < e. Therefore f is continuous at r.
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Figure 8.1: The graph of f(z).
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