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4. a) We apply the Graham-Schmidt procedure to
�����������	�
���
���������

. During this calculation,��� will be an orthogonal set and � � will be the corresponding orthonormal set. Note

that if ��� ��������� then � � � �"!��#�$� � � � ! �%���&�'� � . We will also use
�

to denote a monomial

and ( to denote a variable of integration.��) � � � ) � ��)��� ) � � �* +-, �
� � � �/. � ��� ��) !�&� ) � � ��) � �0. �+21 )3 ) (54�( , � � �

�&� � � � � 1 )3 ) ( � 4�(#�76 �8 ( �&9 ) 3 ) � +8
� � � � ���� � � �$: 8+ �
� � � � � . � � � � � � !��� � � � � � . � � � � ��) !�&� ) � � ��) � � � . 8 +;1 )3 ) ( � 4�( , �0. �+;1 )3 ) ( � 4�( , �

� � � . �+ 6 �8 ( � 9 ) 3 ) , � � � � . �8 , �
�&� � � � � 1 )3 )=< ( � . �8?> � 4�(#� 1 )3 )@< ( � . +8 ( ��A �BC> 4�(#� 6 �D (FE . +B ( �GA �B � 9 ) 3 ) �IHJ D

� � � � ���� � � � 8 * D+�* + < � � . �8 , � >� � � � � . � � � � � � !��� � � � � � . � � � � � � !�&� � � � � � . � � � � � ) !���%)�� � ��)
� � � . J D

H 1 )3 ) ( � < ( � . �8C> 4�( , < � � . �8?> . 8 +;1 )3 ) ( � 4�( , �0. �+21 )3 ) ( � 4�( , �
� � � . 8 D , ��&� � � � � 1 )3 ) < ( � . 8 D ( > � 4�(#� H�LK D

� � � � ���� � � � D * K+�* + < � � . 8 D , � >
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� E � � � . � � � � � � !��� � � � � � . � � � � � � !�&� � � � � � . � � � � � � !�&� � � � � � . � � � � ��) !��� ) � � ��)
� � � . �LK DH 1 )3 ) ( � < ( � . 8 D	( > 4�( , < � � . 8 D � >. J D

H 1 )3 ) ( � < ( � . �8C> 4�( , < � � . �8?> . 8 +21 )3 ) ( E 4�( , �0. �+21 )3 ) ( � 4�( , �
� � � .NMK < � � . �8O> . �D � � � .P� �5A 88�D , �

��� E � � � 1 )3 ) < ( � . ( �5A 88�D	> � 4�(#� 1 )3 ) < (FQ . + (FR A J �8�D ( � .SM8�D ( �5A B� +�+ DT> 4�(
� + � H���VU + D� E � � E�&� E � � �WU D* + � H < � � .X� � A 88�D , � >

So our orthonormal set isY �* + , ��� : 8 + �O� 8 * D+ * + < � � . �8 , � > � D * K+ * + < � � . 8 D , � > � �WU D* + � H < � � .X� � A 88�D , � >[Z]\
b) Again we apply Graham-Schmidt.��) � � � ) � � )���%)�� � �

� � � �0. � �O� � ) !���%)�� � ��) � �[. 1 )^ ('4�( , � � �[. �+ , �
��� � � � � 1 )^ < ( . �+ > � 4�(#� 1 )^ < ( � . ( A �J > 4�(#� �� +

� � � � ��&� � � �$_ 8 * +�` < �0. �+ , � >� � � � � . � �T��� � � !��� � � � � � . � �
��� ��) !�&� ) � � �%)
� � � .a� + 1 )^ ( � < ( . �+ > 4�( , < �/. �+ , � > . 1 )^ ( � 4�( , �
� � � . < �0. �+ , � > . �8 , � � � � .P� A �M , �

��� � � � � 1 )^ < ( � . ( A �M > � 4�(/� �� H U
� � � � ��&� � � � M * D < � � .P� A �M , � >
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� � � � � . � �T��� � � !��� � � � � � . � �
��� � � !�&� � � � � � . � �T��� �%) !�&��)
� � � )
� � � .a� H U 1 )^ ( � < ( � . ( A �M > 4�( , < � � .X� A �M , � >.b� + 1 )^ ( � < ( . �+ > 4�( , < �0. �+ , � > . 1 )^ ( � 4�( , �
� � � . 8 + < � � .P� A �M , � > . B�VU < �[. �+ , � > . �J , �
� � � . 8 + � � A 8 D �0. �+ U , �

��� � � � � 1 )^ < ( � . 8 + ( � A 8 D ( . �+ U > � 4�(#� �+ H U�U
� � � � ��&� � � � + U * K < � � . 8 + � � A 8 D �0. �+ U , � >� E � � � . � �
��� � � !��� � � � � � . � ����� � � !�&� � � � � � . � �
��� � � !�&� � � � � � . � �
��� �%) !��� ) � � ��)

� � � . + H U�U 1 )^ ( � < ( � . 8 + ( � A 8 D ( . �+ U > 4�( , < � � . 8 + � � A 8 D �0. �+ U , � >.b� H U 1 )^ ( � < ( � . ( A �M > 4�( , < � � .P� A �M , � >.b� + 1 )^ ( � < ( . �+ > 4�( , < �0. �+ , � > . 1 )^ ( � 4�( , �
� � � . + < � � . 8 + � � A 8 D �0. �+ U , � > . � +K < � � .P� A �M , � >. J D < �0. �+ , � > . �D , �
� � � . + � � A B K � � . + K � A �KcU , �

��� E � � � 1 )^ < ( � . + ( � A B K ( � . + K ( A �KcU > � 4�(/� �J�J �WU�U
� E � � E�&� E � � + �VU < � � . + � � A B K � � . + K � A �KcU , � >

So our orthonormal set isd ��� _ 8 * +�` < �0. �+ , � > � M * D < � � .P� A �M , � > �+ U * K < � � . 8 + � � A 8 D �/. �+ U , � > �+ �VU < � � . + � � A B K � � . + K � A �K
U , � >be'\
c) If we define f by f%_ � ` � Y �

if
�]ghUU

if
�]ihU
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then fajlk#m .@���V�&n
but �of � fC!p� U

, which contradicts positive-definiteness. Thus � , � , ! is

not an inner product. It is easy to see, however (indeed, the same proof holds as for

the actual inner products), that � , � , ! is bilinear and symmetric.

Notes on this problem:

(1) There is no note one.

(2) For part (c), the important thing is to give an example of a function that contradicts

positive-definiteness; you can’t simply note that one might exist. If you drew a picture,

since it’s so obvious what will happen, that’s fine; however, in general a “proof by

pictures” is not a proof, and you should write down a function explicitly.

(3) In case you didn’t notice, I didn’t check every step to make sure your algebra was

okay, and if your answer looked right, or just didn’t look too wrong, that’s fine. What’s

important is that you demonstrate that you understand how to do Graham-Schmidt.

See note 5.

(4) Many people have the definition of positive-definiteness mixed up. To review: a form� , � , ! is said to be positive-definite if:q � � � � !sr U
when �ht� U

andq � � � � !5� U
when � � U

.

I’m not sure why so many people thought the definition was � � � ��!5� U$u#v � �w� —

in parts (a) and (b), where you have bona-fide inner products, you found many many

pairs of non-equal orthogonal vectors.

(5) I highly recommend the use of calculators for problems like this. I use Maple myself;

Mathematica is also good if you can stomach the licensing hassles. These programs are

very useful for any mathematician, pure or applied, and you should understand how to

use some computer algebra system. The point is, we assume you can do simple integrals

and prime factorizations and other things that you’d know from BC calc, so feel free

to seek computerized aid. The point of the problem sets is that you demonstrate to

us that you can do what we don’t assume you know (i.e. Graham-Schmidt). A slight

warning: there will probably be some hairy integrals next semester that you’ll have to

do out though (although Mathematica might give you a hint as to what the answer is).

Joe Rabinoff


