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Alternating and Skew-Symmetric Forms

Definition: A multilinear form f : V k −→ F is said to be alternating if and
only if:

f(v1, . . . ,vi, . . . ,vj, . . . ,vk) = 0

whenever vi = vj with i 6= j.

Definition: A multilinear form f : V k −→ F is said to be skew-symmetric if
and only if:

f(v1, . . . ,vi, . . . ,vj, . . . ,vk) = −f(v1, . . . ,vj, . . . ,vi, . . . ,vk)

for every pair i 6= j.

Theorem: If the multilinear form f : V k −→ F is alternating, then it is
skew-symmetric.

Proof: For simplicity of notation but without any loss of generality, we
give the proof for k = 2. Note that since f is alternating, we use the fact
that f(v,v) = 0 for any v ∈ V in several of the steps below:

f(v1,v2) + f(v2,v1) = [f(v1,v2) + f(v1,v1)] + [f(v2,v2) + f(v2,v1)]
= f(v1,v1 + v2) + f(v2,v1 + v2)
= f(v1 + v2,v1 + v2)
= 0

This implies that f(v1,v2) = −f(v2,v1).
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