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Alternating n-linear forms on an n-dimensional space

Theorem: Let V be a vector space over F' of dimension n. Then the vector
space of alternating n-linear forms on V' is one-dimensional over F'.

Proof: We do this in two parts, first by showing that any two such al-
ternating forms are scalar multiples of each other (so that the dimension
of the space is at most one) and then by exhibiting a non-zero such form
(so that the dimension is exactly one).

1. Let f; : V* — Fand f5 : V* — F be two alternating forms, and
let {vi,...,v,} be a basis for V.

Let wy,...,w, € V be any n vectors in V. Since the {vy,...,v,}
form a basis, we may write each of the w’s as a linear combination
of the v’s as follows:

Wi = Q1;V1 + -+ QpiVp

As in the previous theorem (that an alternating n-linear form ap-
plied to n linearly independent vectors in n-dimensional space is
non-zero), we use the multilinearity of f; and f; to evaluate each

of them:
fi(wy, ..., wy,) = Z ar -sgn(m) - fi(vi, ..., vp)
WESn
fo(wi,...,wy,) = Z oy -sgn(m) - fo(v, ..., vp)
TESK

where each a, is a product of n of the coefficients «;; from the
expansions of the w’s. The key observation is that these coefficients
depend not on f; or f5, but only on the coefficients of the w’s!
Lastly, since each of fi(vy,...,v,) and fo(vy,...,v,) is a single
scalar, there clearly must exist two other non-zero scalars, say c;
and co, such that

C1 'fl(Vl,...,Vn)+CQ 'fg(Vl,...,Vn) :O
and hence these same scalars serve to write
Ct- fl(Wl, e ,Wn) +C2 . f2<W1, e ,Wn) = O,

for all choices of the w’s, and we see that f; and f; are linearly
dependent.



2. There exists a non-zero alternating n-linear form on V.

Choose a basis for V' and write the vectors {wy, ..., w,} in coordi-
nates with respect to this basis:

11 q1n
Wi = . ey W, =
(0751 Qnn
Define D : V*» — F by:

D(wy,...,w,) = Z (sgnT) - ir(1) - * - ()
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We leave it as an exercise to verify that D is in fact multilinear
and alternating. It is clear that D is non-zero because if the chosen
basis is {vy,...,V,}, then the definition immediately implies that
D(vy,...,v,) =1

Remark: We note that the definition of D in part 2 of the proof depends on
a choice of coordinates. In fact, with a different choice of basis, the value of
D on a particular set of vectors would most likely be different, though it will
differ by a scalar multiple. However, because of part 1, all values of D will
have changed by the same scalar!



