Problem Set 1, Part B — Solutions

Corina Patrascu

2(B) Verify that multiplication is well defined for integers, as defined by equivalence classes.

Solution To check whether multiplication is well-defined, we have to show that given three equivalence
classes [(a1,b1)], [(a2,b2)] and [(as,bs)] such that (ay,b1) ~ (asz,bs) then:

[(a1,01)] - [(as, b3)] = [(a2, b2)] - [(as, b3)]

In other words, what we have to show is that by changing the representative of a class, we don’t change
the final outcome.

Since (a1, b1) ~ (az,b2) = a1 + by = as + by. Multiply this equation first by a3 and then by b3, both to
the right, and obtain the following two equations:

ajaz +beaz = azaz+bias (1)
aibs +bobs = asbs +b1by = (reverse)
asbs +b1bs = aibs + bybs (2)

Add equations 1 and 2 (remember we are not allowed to subtract yet; that is why we are still working
with equivalence classes):

aras + baaz + azb3 + b1bs = azaz + biaz + a1bs + babs

Now use commutativity and associativity for the natural numbers:

(a1a3 + b1b3) + (a2b3 + b2a3) = (a1b3 + a3b1) + (a2a3 + bgbg)
(a1bz + azby,araz + bibz) ~ (azbz + baasz, azas + babs)
[(a1,01)] - [(a3,b3)] = [(a2,b2)] - [(as,bs)]

Similarly, one can show that:

[(as,b3)] - [(a1,b1)] = [(as, b3)] - [(az2, b2)]

In conclusion, multiplication is well-defined.



