SOLUTION SET 2E

ALEX LEVIN

Math 23a
Prof. Boller

8. a. To prove that £2 is a subspace of V, we need only show that it is closed under addition
and scalar multiplication. So, let a = (ag, ay, as,...), b = (b, by, ba,...) € £2, and let
A € R. Clearly, a; + b; € RVi, Aa; € RVi.

We now prove that a + b € €2 i.e. that > 7, |a; + b;|? converges. We know that
> la;]? and Y |b;|? converge because a,b € % (we have dropped the range of the
sums because it is clear from context).

Now note that by the triangle inequality, we have |a; + b;| < |a;| + |b;], and so

0< > lai+bP <Y (lail + 0:)* =D (lail + 2lail [b] + [b:]) -

Now, this last expression is just equal to Y |a;|? + > 10>+ |ai||b;]. We know that
the first two series converge by definition, and we will be done if we can demonstrate
that the third one converges.

There are two good ways of doing this. The first is to notice that for any positive
reals z and y, (z —y)? > 0, but (x —y)? = 22 +y> — 22y > 0, so zy < 2zy < 2%+ 3>
We can now apply this to the |a;||b;| terms, to see that every term of the infinite
sum Y |a;||b;| is less than or equal to the corresponding term in a converging series
S™(Jai|* + [0:]%), so > |as||bs| must converge.

Another way of demonstrating this is to notice that either |a;||b;| < a2, or |a;||b;]| <
b?, depending on whichever of a; or b; is greater. But in both cases, |a;||b;| < |a?|+|b?,
and we have again compared the series of cross terms to a converging series. In any
case, we now see that >_ |a; + b;|? converges.

Proving closure under scalar multiplication is a lot easier. For given a € (%, a =
(ag, a1, as,...), ca = (cagp,cay,cas,...), and > |ca,|* = > A|a,|* = > |a,|*, which
converges because Y |a,|? converges.

b. To prove that ¢! C (2, we must demonstrate that Va € ¢!, a € (2. Equivalently, if
a = (ag,ay,...) and 3 |a,| converges, we must show that > |a,|? converges. Notice
that since ) |a;| converges, its terms have to tend to 0, and in particular, only finitely
many of the a;’s will be greater than or equal to 1. Let N € N be a number such
that |a;] < 1Vi> N.

Now let us consider 3 Jan|? = S0 [an|? + 3500 vty [an|? The former of these,
being a finite sum, converges. As for the latter, for all n > N, we have |a,| > |a,|?,
so, since Y . |a,| converges, so too must »_>° . |a,|*, by the comparison test.
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Another way to look at this problem is to let S = > |a,|. Then,

2
0 > 5% = <Z ]an]) = Z |a,|? + positive cross terms > Z la,)? > 0.

So, Y |an|* converges.

Finally, /' # (%, because we can take a = (1,1/2,1/3,...). Then a € (* since
1+ (1/2)2 4+ (1/3)> + ... = 7%/6 by a classical result in analysis. However, the
harmonic series 1+ 1/2+1/3 + ... diverges, and so a ¢ (!



