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ALEX LEVIN
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PROF. BOLLER

5. Define f:[0,1] — R as follows (note that f(0) =1):

(a)
(b)

o ifreQand z = . in lowest terms

Graph f

Almost all of you got this one right.

Show that f is not continuous at any rational z.

Let z € Q, z = p/q in lowest terms. Notice that if = # 1, for large enough M,
x+m/n € [0,1] for all n > M. Consider the sequence {z, } where

x, ifn <M
Tpn = .
r+m/n, ifn>M

Notice that z +7/n ¢ Q for all n since if x +7/n=r € Q,r—z =7/n € Q,
which is not the case. Thus, the tail of {z,} is a sequence of irrationals, and so,
f(z,) — 0. But &, — z, while f(z) =1/¢ #0, (if z =0, f(x) =1) so we've
constructed a sequence such that z,, — = though f(z,) does not converge to
f(z). Thus, f is not continuous at z. (If x = 1, we can redo the argument with
the sequence 1 — 7 /n.)

Show that f is continuous at any irrational x Choose € > 0. Then there
exists N € N such that 1/N < e. Consider the set S C Q of rational numbers
y such that when y is written as p/q in lowest terms, ¢ < N (so that possibly
f(y) > €). Clearly S is a finite set, so we can choose § < min{[z —y[}, g
(because S is finite, the minimum is well-defined). Given ' € Bj(z), if 2/ is
irrational, f(z') = f(z) = 0. If 2’ € Q, then, when it is written in lowest terms
as p/q. ¢ must be greater than N (all the rationals with denominator smaller than
N are farther than 0 away from z by construction) so |f(2') — f(z)] < 1/N < e.
In any case, we have established continuity at = ¢ Q.
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