
Problem 1: (a) Since f is integrable, |f | is integrable, as we showed on the last
problem set. Therefore, we can assume without loss of generality
that f is always positive. Since f is integrable, as proven in class,
given ε > 0 we can find step functions h and k such that h < f < k
and

∫
k −

∫
h < ε. Then, let h(x) =

∑
aiφi and k(x) =

∑
biφi,

where the φi are the characteristic functions that are 1 on the
rectangle Ri, and 0 outside it, and the Ri are a partition of our
domain. Then, h2 =

∑
i,j aiajφiφj. However, since φi(x)φj(x) is 0

unless x is in Ri and Rj, all these terms are zero unless i = j, in
which case they are a2

i φi.

Therefore, we can calculate h2 =
∑

a2
i φi and k2 =

∑
b2
i φi. Also,

since f is bounded, it has maximum M . We can assume WLOG
that all bi ≤< M , since if some bi > M , we can replace bi with M
while keeping k(x) > f(x) for all x ∈ A. Therefore,

∫
(k2 − h2) =∑

v(Ri)(bi − ai)
2 ≤

∑
v(Ri)bi(bi − ai) ≤

∑
Mv(Ri)(bi − ai) =

M
∫

(k−h). Therefore, for any ε > 0, we can choose step functions
h, k with h < f < k and

∫
k −

∫
h < ε/M so that h2, k2 are step

functions with h2 < f 2 < k2 and
∫

k2−
∫

h2 < ε. Therefore, f 2 is
integrable.

(b) Since f and g are integrable, f + g and f − g are integrable, since
integrable functions are a vector space. Therefore, by (a), (f +g)2

and (f−g)2 are integrable. Therefore, fg = 1/4[(f+g)2−(f−g)2]
is integrable.

Problem 2 (a) f is clearly bounded, since |1/q| ≤ 1 for all q. f is integrable, as
we have shown on a previous problem set, but it is not continuous
at any (x, y) with both x and y rational. Since the set of rationals
in [0, 1]× [0, 1] is not measurable, f is not admissible.

(b) 1. We showed this on the previous problem set.

2. If x 6∈ Q, then f(x, y) = 0 for all y, so
∫

f(x, y)dy = 0. If
x ∈ Q, then f(x, y) is simply 1/q for rationals p/q and 0 for
irrationals, which integrates to 0, which we also showed on a
previous problem set.

3. If y ∈ Q, then

f(x, y) =

{
1/q x ∈ Q
0 x 6∈ Q
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This is not integrable, because O(f(x, y)) is not measurable
for fixed y, since any set of rectangles containing all points in
the graph must have combined volume at least 1/q, but no
rectangle can fit between 0 and the graph of the function.
This does not contradict Fubini’s theorem, because Fubini’s
theorem applies only to situations in which fy(x) = f(x, y) is
integrable for every fixed y, which is clearly not the case here.

Problem 3 R is the region bounded by the circles C1, C2, C3, and C4 with equations
given by x2 + y2 = 6x, x2 + y2 = 4x, x2 + y2 = 8y, and x2 + y2 = 2y,
respectively. Using the transformations

u =
2x

x2 + y2
, v =

2y

x2 + y2

these four equations turn into u = 1/3, u = 1/2, v = 1/4, and v = 1
respectively, so that the domain of integration is just a rectangle in the
(u, v) plane.

Then, using the equations for u and v, we see that u2 + v2 = 4(x2 +
y2)/(x2 + y2)2 = 4/(x2 + y2), and our integral∫

R

dxdy

(x2 + y2)2
=

∫
T (R)

(u2 + v2)2

16
dxdy

where T is the transformation taking (x, y) → (u, v), and all that re-
mains for us to do is to calculate dxdy in terms of dudv and integrate.

T ′(u, v) =

[
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

]
=

[
2(v2−u2)
(u2+v2)2

− 4uv
(u2+v2)2

− 4uv
(u2+v2)2

2(u2−v2)
(u2+v2)2

]
so

|T ′| = | 1

(u2 + v2)2
[(2v2 − 2u2)(2u2 − 2v2)− 16u2v2]| = 4

(u2 + v2)2

Therefore, our integral becomes∫
(u2 + v2)2

16

4

(u2 + v2)2
dudv =

∫
dudv

4

over a rectangle in the (u, v) plane. This integral is just the area of
the rectangle times 1/4, so the integral comes out to (1/4)(3/4)(1/6) =
1/32.

2



Problem 4 For the following integrals, we simply rewrite the fuction to be inte-
grated in terms of r and θ, rewrite the limits of integration in terms of
r and θ, multiply by a factor of r (since this is the determinant of the
change of variable matrix), and then compute.

(a) ∫ 1

0

∫ x2

x

1√
x2 + y2

dydx

Since r =
√

x2 + y2 this is just∫
A

r
1

r
drdθ = v(A)

where A is the area of the domain in the (r, θ) plane. θ goes
from 0 to π/4, and r goes from 0 to the point where y = x2.
Since y = rsinθ and x = r cos θ, this point is simply the point
where r = sin θ

cos2 θ
. Therefore, we can rewrite this integral as an area

integral in the (r, θ) plane, given by∫ π/4

0

sin θ

cos2 θ
dθ

Since this has antiderivative 1
cos θ

+C, we can evaluate this integral

to be
√

2− 1.

(b) ∫ a

0

∫ √
a2−y2

0

(x2 + y2)dxdy∫ π/2

0

∫ a

0

r2(r)drdθ =

∫ π/2

0

a4/4dθ = πa2/8

Problem 5 ∫ ∞

−∞
e−x2

dx

(a) Let I(r) =
∫ r

−r
e−r2

dr. Then

I(r)2 =

∫ r

−r

e−x2

dx

∫ r

−r

e−y2

dy =

∫
R

e−(x2+y2)dxdy

where R is the rectangle [−r, r]× [−r, r].
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(b) Note that e−x2−y2
is always positive. Since B(r) ⊂ R ⊂ B(2r), we

then have∫
B(r)

e−x2−y2

dxdy ≤ I(r)2 ≤
∫

B(2r)

e−x2−y2

dxdy

(c) We evaluate this by changing to polar coordinates:∫
B(r)

e−(x2+y2)dxdy =

∫ 2π

0

∫ r

0

re−r2

drdθ =

∫ 2π

0

−1

2
(e(−r2)−1)dθ = π(1−e−r2

)

(d) Then, limr→∞
∫

B(r)
e−x2−y2

dxdy = π, so by the squeeze theorem

lim
r→∞

I(r)2 = π

Since I(r) is clearly not negative, limr→∞ I(r) =
√

π.

Problem 6 (a)

v(Bn(r)) =

∫
Bn(r)

dx1dx2 . . . dxn

If we change variables so that yi = xi/r, then the vector x ∈ Bn(r)
is equivalent to the vector y ∈ Bn. Since each variable is scaled
by a factor of r, the determinant of our change of variable matrix
is rn. Therefore, we have

v(Bn(r)) =

∫
Bn

rndy1dy2 . . . dyn = rnv(Bn)

(b)

v(B1) =

∫ 1

−1

dx = 2

v(B2) =

∫ 2π

0

∫ 1

0

rdrdθ =

∫ 2π

0

(1/2)dθ = π

(c) If x2
1+. . .+x2

n ≤ 1 ⇔ χBn = 1, then clearly x2
1+x2

2 ≤ 1 ⇔ χB2 = 1
and x2

3 + . . . + x2
n ≤ 1 − (x2

1 − x2
2) ⇔ χ

Bn−2(
√

1−x2
1−x2

2)
= 1. If

x2
1 + . . . + x2

n > 1 ⇔ χBn = 0, then x2
3 + . . . + x2

n > 1− x2
1 − x2

2 ⇔
χ

Bn−2(
√

1−x2
1−x2

2)
= 0. Since χ only takes the value 0 and 1, this

shows that
χBn = χB2χBn−2(

√
1−x2

1−x2
2)
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(d) ∫
B2

(1−x2
1−x2

2)
(n−2)/2dx1dx2 =

∫ 2π

0

∫ 1

0

r(1−r2)(n−2)/2drdθ =

∫ 2π

0

(1/n)dθ = 2π/n

(e)

v(Bn) =

∫
χBndx1 . . . dxn =

∫
χB2χBn−2(

√
1−x2

1−x2
2
dx1 . . . dxn

=

∫
(χ

Bn−2(
√

1−x2
1−x2

2
dx3 . . . dxn)χB2dx1dx2 =

∫
B2

(1−x2
1−x2

2)
(n−2)/2dx1dx2)v(Bn−2)

by Fubini. Applying (d) we get that this gives

v(Bn) =
2π

n
v(Bn−2)

(f) For odd dimension: The base case holds, since v(B1) = 2 = 2π0

1
.

Assuming that

B2n+1 =
22n+1πn

1 · 3 · . . . · (2n + 1)

we have

B(2n + 3) = 2π/(2n + 3)v(B2n+1) =
22n+3πn+1

1 · . . . · (2n + 3)

so the formula holds for all odd dimensional spheres.

For even dimension: The base case holds, since v(B2) = π =
π
0!
. Assuming that v(B2n) = πn

n!
we get v(B2n+2) = (2π)/(2n +

2)v(B2n) = πn+1

(n+1)!
and the formula holds for all even dimensional

spheres.
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